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1 Introduction 

Grobner bases and Grobner-Shirshov bases theories were invented independently by A.I. 
Shirshov for (commutative, anti-commutative) non-associative alegbras [38] (see also |¥T] ) 
and for Lie algebras (explicitly) and associative algebras (implicitly) [39] (see also [H]), 
by H. Hironaka p8] for infinite series algebras (both formal and convergent) and by 
B. Buchberger (first publication in [T?]) for polynomial algebras. Grobner bases and 
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Grobner-Shirshov bases theories have been proved to be very useful in different branches of 
mathematics, including commutative algebra and combinatorial algebra, see, for example, 
the books [H UHl [IS US Ell ES] , the papers [21 H [5] , and the surveys [Zl [IDl El [12] • 

It is well known that every finitely or countably generated Lie algebra over a field k 
can be embedded into a two-generated Lie algebra over k, see A.I. Shirshov [571 1^ . 
Actually, from the technical point of view, it was a beginning of the Grobner-Shirshov 
bases theory for Lie algebras (and associative algebras as well). Another proof of the 
result using explicitly Grobner-Shirshov bases theory is refereed to L.A. Bokut, Yuqun 
Chen and Qiuhui Mo [9]. 

A. A. Mikhalev and A. A. Zolotykh [32] prove the Composition-Diamond lemma for a 
tensor product of a free algebra and a polynomial algebra, i.e., they establish Grobner- 
Shirshov bases theory for associative algebras over a commutative ring. L.A. Bokut, 
Yuqun Chen and Yongshan Chen [8] prove the Composition-Diamond lemma for a tensor 
product of two free algebras. Yuqun Chen, Jing Li and Mingjun Zeng [20] prove the 
Composition-Diamond lemma for a tensor product of a non-associative algebra and a 
polynomial algebra. 

In this paper, we establish the Composition-Diamond lemma for Lie algebras over a 
polynomial algebra, i.e., for "double free" Lie algebras. It provides a Grobner-Shirshov 
bases theory for Lie algebras over a commutative algebra K. 

Let k be a field, K a commutative associative k-algebra with identity, and C a Lie K- 
algebra. Let LieK^X) be the free Lie i^'-algebra generated by a set X. Then, of course, 
C can be presented as if-algebra by generators X and some defining relations 5", 

C = LieK{X\S) = LteK{X)/Id{S). 

In order to define a Grobner-Shirshov basis for C, we first present K in a. form 

K = k[Y\R] = k[Y]/Id{R), 

where k[y] is a polynomial algebra over the field k, i? C k[y]. Then the Lie i^-algebra 
C has the following presentation k[y] -algebra 

£ = Lie^Y]{X\S, Rx, x E X) 

(cf. E.S. Chibrikov [21], see also [I9]). 

Now by definition, a Grobner-Shirshov basis for C = LieK{X\S) is Grobner-Shirshov 
basis (in the sense of present paper) of the ideal Id{S, Rx, x G X) in the "double free" 
Lie algebra Lie]^[Y]{X). 

As an application of our Composition-Diamond lemma (Theorem 13.121) . a Grobner- 
Shirshov basis of C gives rise to a linear basis of £ as a k-algebra. 

We give applications of Grobner-Shirshov bases theory for Lie algebras over a commu- 
tative algebra K (over a field k) to the Poincare-Birkhoff-Witt theorem. Recent survey 
on PBW theorem see in P.-P. Grivel [2S] • A Lie algebra over a commutative ring is called 
special if it is embeddable into an (universal enveloping) associative algebra. Otherwise 
it is called non-special. There are known classical examples by A.I. Shirshov [36j and P. 
Cartier [T7j of Lie algebras over commutative algebras over GF{2) that are not embed- 
dable into associative algebras. Shirshov and Cartier used ad hoc methods to prove that 
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some elements of corresponding Lie algebras are not zero though they are zero in the 
universal enveloping algebras, i.e., they proved non- speciality of the examples. Here we 
find Grobner-Shirshov bases of these Lie algebras and then use our Composition-Diamond 
lemma to get the result, i.e, we give a new conceptual proof. 

P.M. Cohn \2B] gave the following examples of Lie algebras over truncated polynomial 
algebras: 

K = k[yi, y2, Z/abf = 0, 1 < z < 3], 

where k is a filed of characteristic p > 0, which is not embeddable into associative algebras. 
It is as follows: Cp = Liexixi, X2, x^ly^x^ = y2X2 + yiXi). He suggested that Cp is non- 
special Lie algebra for any p. Using the Composition-Diamond lemma we have proved 
that £2 and £3 are non-special Lie algebras. 

We give new class of special Lie algebras in terms of defining relations (Theorem 14. 5p . 
For example, any one relator Lie algebra LK{X\f) with a k[y]-monic relation / over a 
commutative algebra K is special (Corrolary 14. 6p . It gives an extension of the list of 
known "special" Lie algebras (ones with valid PBW Theorems) (see P.-P. Grivel j26] ) . 
Let us give this list: 

1. £ is a free fsT-module (G. Birkgoff [3j, E. Witt [13]), 

2. K is a principal ideal domain (M. hazard 150]). 

3. K is a Dedekind domain (P. Cartier [T7]). 

4. K is over a field k of characteristic (P.M. Cohn [23]). 

5. £ is fC- module without torsion (P.M. Cohn [23]). 

6. 2 is invertible in K and for any x,y,z & £, = (Y. Nouaze, P. Revoy [33]). 

P. Higgins [27J unified the cases 1-3 and gave homological invariants of special Lie 
algebras inspired by results of R. Baer, see also P. Revoy [35] . 

As a last application we prove that every finitely or countably generated Lie algebra 
over an arbitrary commutative algebra K can be embedded into a two-generated Lie 
algebra over K. 

2 Preliminaries 

We start with some concepts and results from the literature concerning with the Grobner- 
Shirshov bases theory of a free Lie algebra Lie]f_{X) generated by X over a field k. 

Let X = {xi\i G /} be a well-ordered set with Xj > Xj if i > j for any i,j G /. Let X* 
be the free monoid generated by X. For G X*, let the length of u be m, 

denoted by \u\ = m. 

We use two linear orderings on X*: 

(i) {lex ordering) 1 > t if t 7^ 1 and, by induction, if u = Xiu' and v = Xjv' then u > v 
if and only if Xi > Xj or Xi = Xj and u' > v'; 

(ii) (deg-iex ordering) u y v if \u\ > \v\, or \u\ = \v\ and u > v. 
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We regard Liei(_{X) as the Lie subalgebra of the free associative algebra k(X), which 
is generated by X under the Lie bracket [u,v] = uv — vu. Given / G k(X), denote by / 
the leading word of / with respect to the deg-lex ordering; / is monic if the coefficient of 
/is L 

Definition 2.1 (f31\ \4^ ) w G X* \ {1} is an associative Lyndon-Shirshov word 
(ALSWfor short) if 

(Vm, V G X*, u, V 1) w = uv ^ w > vu. 

We denote the set of all ALSW's on X by ALSW{X). 

We cite some useful properties of ALSW's ([IHl ED EH SI], see also, for example, 

(I) if w G ALSW{X) then an arbitrary proper prefix of w cannot be a suffix of w; 

(II) if w = uv G ALSW{X), where u,v 1 then u > w > v; 

(III) ifu,ve ALSW{X) and M > f then uv G ALSW{Xy, 

(IV) an arbitrary associative word w can be uniquely represented as w = ciC2 . . . c^, 
where Ci, . . . , c„ G ALSW{X) and Ci < C2 < . . . < c„; 

(V) if u' = U1U2 and u" = U2U3 are ALSW's then u = U1U2U3 is also an ALSW; 

(VI) if an associative word w is represented as in (IV) and v is an associative Lyndon- 
Shirshov subword of w, then t> is a subword of one of the words ci, C2,. . .,c„; 

(VII) if an ALSW w = uv and v is its longest proper ALSW, then u is an ALSW as 
well. 

Definition 2.2 A nonassociative word (u) in X is a non-associative Lyndon-Shirshov 
word (NLSW for short), denoted by [u], if 
(i) u is an ALSW; 

(a) if [u] = [{ui){u2)] then both (ui) and (^2) are NLSW's (from (I) it then follows that 
Ui > U2); 

(lit) if [u] = [[[un][ui2]][u2]] then U12 < U2. 

We denote the set of all NLSW's on X by NLSW{X). 

In fact, NLSW's may be defined as Hall-Shirshov words relative to lex ordering (for 
definition of Hall-Shirshov words see [IHl HI], also \X3i i34j). 

By [nilEZlllI], for an ALSW w, there is a unique bracketing [w] such that [w] is NLSW: 
[w] = w if |w| = 1 and [w] = [[u][v]] if \w\ > 1, where v is the longest proper associative 
Lyndon-Shirshov end of w and by (VII) u is an ALSW. Then by induction on \w\, we 
have [w]. 

It is well known that the set NLSW{X) forms a linear basis of Liek{X), see [3T |[37ll^ . 
Considering any NLSW [w] as a polynomial in k(X), we have [w] = w (see [3Z1 1^). 
This implies that if / G Liek{X) C k{X) then / is an ALSW. 

Lemma 2.3 (Shirshov [3^ \4^ ) Suppose that w = aub, where w,u E ALSW{X) . Then 

[w] = [a[uc]d], 
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where b = cd and possibly c = 1. Represent c in the form 

C = C\C2 ■ ■ - Cn, 



where Ci, . . . , c„ e ALSW{X) andci < Cs < . . 
we obtain the word [w]u = [a[. . . [[[w] [ci]] [02]] . . . 
of w relative to u. We have 

R = 



. < Cfc. Replacing [uc] by[... [[u][ci]] . . . [cj] 
[cn\]d] which is called the special bracketing 

w. 



Lemma 2.4 ( Chibrikov [22] ) Let w = aub be as in Lemma lKM Then [uc] = [u[ci] [02] . . . [c„]] , 
that is 

[w] = [a[...[u[c^]]...[cM■ 

Lemma 2.5 ( fT3[ \41\ [H \4^ ) Suppose that w = aubvc, where w,u,v e ALSW{X). 
Then there is some bracketing 

[w]u,v = [a[u]b[v]d] 

in the word w such that 

More precisely, 

^ f [a[up]uq[vs]J] if[w] = [a[up]q[vs]l], 

^"''^ \ [a[u[ci] ■ ■ ■ [ct\v ■ ■ ■ [cn]]uP] if W\ = [o\u[ci\ ■ ■ ■ [ct] ■ ■ ■ [cn]]p\ With V a subword of ct 

3 Composition-Diamond lemma for Lie^Y]{^) 

Let Y = {Vjlj G J} be a well-ordered set and [Y] = {yjiyj2 ' ' ' yjilVji < l/j2 — ' ' ' — 
yji,l > 0} the free commutative monoid generated by Y. Then [Y] is a k-linear basis of 
the polynomial algebra k[y]. 

Let the set X be a well-ordered set, and let the lex ordering < and the deg-lex ordering 
-<x on X* be defined as before. 

Let Liek[y](X) be the "double" free Lie algebra, i.e., the free Lie algebra over the 
polynomial algebra k[y] with generating set X. 

From now on we regard Lie^y] {X) = k[Y]^Lie]f_{X) as the Lie subalgebra of k[y] {X) = 
k[y] (S)k(X) the free associative algebra over polynomial algebra k[y], which is generated 
by X under the Lie bracket [u, v] = uv — vu. 

Let 

Ta = {u = u^u^\u^ E [Y], u^ e ALSW{X)} 

and 

Tjv = {[u] = u^[u'']\u^ e [Y], [m^] G NLSWiX)}. 

By the previous section, we know that the elements of and Tjv are one-to-one 
corresponding to each other. 

Remark: For u = u^u^ G T4, we still use the notation [u] = u^[u^] where [u^] is a 
NLSW on X. 
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Let kTjv be the linear space spanned by T/v over k. For any [u], [v] G T/v, define 

where G k, [wf]'s are NLSW's and = Y.'^il'^f] in Liek{X). 

Then k[F] (g) Lie\^{X) = kT^ as k-algebra and is a k-basis of k[F] Liek(X). 
We define the deg-lex ordering >- on 

[Y]X* = G G X*} 

by the following: for any u,v E [Y]X*, 

uy V if {u^ >~x v^) or {u^ = and yy v^), 

where >-y and >~x are the deg-lex ordering on [Y] and X* respectively. 

Remark: By abuse the notation, from now on, in a Lie expression like we will 

omit the external brackets, = [u][v]- 

Clearly, the ordering >- is "monomial" in a sense of [u] [w] >- [v] [w] whenever ^ 
for any u,v,w E Ta- 

Considering any [u] G T^r as a polynomial in k-algebra k[F](X), we have [u] = u E Ta- 
For any / G Lie^yji^) C k[y] ®k(X), one can present / as a k- linear combinations of 
T/v-word, i.e., / = ^a;j[wi], where [ui] G T^. With respect to the ordering >- on [y]X*, 
the leading word / of / in k[y](X) is an element of T4. We call / is k-monic if the 
coefficient of / is L On the other hand, / can be presented as k[y]-linear combinations 
of NLSW{X), i.e., / = ^MY)[uf], where fi {Y) G k[Y], [uf] G NLSW{X) and 
Ui >~x U2 yx ■ ■ ■■ Clearly = and = fi{Y). We call / is k[y]-monic if the 
fi{Y) = 1. It is easy to see that k[y]-monic implies k-monic. 

Equipping the above concepts, we rewrite the Lemma 12.31 as follows. 

Lemma 3.1 (Shirshov fSTl \41^ ) Suppose that w = aub where w,u E Ta and a,b E X*. 
Then 

[w] = [a[uc]d], 

where [uc] G T/v and b = cd. 

Represent c in a form c = C1C2 . . . c^, where Ci, . . . , c„ G ALSW{X) and Ci < C2 < . . . < 
c„. Then 

[w] = [a[u[ci][c2] ■ ■ ■ [cn]]d]. 
Moreover, the leading word of [w]u = [a[- ■ ■ [[M [ci]] [C2]] . . . [cn]]d] is exactly w, i.e., 

We still use the notion [w]u as the special bracketing of w relative to u in section 2. 
Let S C Lzek[y](X) and Id{S) be the k[F]-ideal of Liek[y](X) generated by S. Then 
any element of Id{S) is a k[y]-linear combination of polynomials of the following form: 

{u)s = [ci][c2] ■ ■ ■ [c„]s[(ii][(i2] ■ ■ ■ [dm], m,n>0 

with some placement of parentheses, where s E S and Ci,dj G ALSW{X). We call such 
{u)s an s-word (or 5'-word). 

Now, we define two special kinds of S-words. 



6 



Definition 3.2 Let S C Liek[y](X) be a k-monic subset, a,b ^ X* and s E S. If 

asb G Ta, then by Lemma \3. 1\ we have the special bracketing [asb]s of asb relative to s. 
We define [asb]s = [asb]s\[s]i^s to be a normal s-word (or normal S-word). 

Definition 3.3 Let S C L2ek[y](X) be a k-monic subset and s G S*. We define the quasi- 
normal s-word, denoted by lu\s, where u = asb, a,b E X* (u is an associative S-word), 
inductively. 

(i) s is quasi-normal of s- length 1; 

(a) If [u\s is quasi-normal with s-length k and [v] G NLSW{X) such that \v\ = I, then 

^ 

[v][u\s when v > [u\^ and [u\s[v] when v < [u\^ are quasi-normal of s-length 
k + l. 

From the definition of tfie quasi-normal s-word, we liave tlie following lemma. 

Lemma 3.4 For any quasi-normal s-word [u\s = (asb), a,b E X*, we have [u\^ = asb G 
Ta- 

Remark: It is clear that for an s-word {u)s = [ci][c2] ■ ■ ■ [c„]s[(ii] [^2] ■ ■ ■ [dm], is quasi 
normal if and only if {u)s = C\C2 ■ ■ ■ Cn'sd\d2 ■ ■ ■ dm- 

Now we give the definition of compositions. 

Definition 3.5 Let f,g be two k-monic polynomials 0/ Liek[y](X). Denote the least 
common multiple of and g^ in \Y] by L = lcm{p^ ,g^). 

If g^ is a subword of f^ , i.e., f^ = ag^b for some a,b E X* , then the polynomial 

Ci{f,g)nj = j^f - -^[agbh 

is called the inclusion composition of f and g with respect to w, where w = Lf^ = 
Lag^b. 

If a proper prefix of g^ is a proper suffix of f^, i.e., f^ = aao, g^ = a^b, a, b, ao 7^ 1, 
then the polynomial 

is called the intersection composition of f and g with respect to w, where w = Lf^b = 
Lag^. 

If the greatest common divisor of and g^ in \Y] is non-empty, then for any a,b,cE 
X* such that w = Laf^bg^c G Ta, the polynomial 

C3{f,g)w = ^[afbg^c]j- ^[af^bgc]-g 

is called the external composition of f and g with respect to w. 

// 7^ 1; then for any normal f-word [afb]j, a,b E X* , the polynomial 

C,{fy^ = [af''b][afb]f 

is called the multiplication composition of f with respect to w, where w = af^bafb. 



C2{f,g)w = -^[fb]f - — [ag]. 
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Immediately, we have that Ci{—)w ^w,iE {1,2,3,4}. 
Remarks: 

1) When Y = 0, there is no external and multiplication compositions. This is the case 
of Shirshov's compositions over a field. 

2) In the cases of Ci and C2, the corresponding w G T4 by the property of ALSW's, 
but in the case of C4, w ^ Ta- 

3) For any fixed f,g, there are finitely many compositions Ci{f,g)w, C2{f,g)w, but 
infinitely many C3{f,g)uj, Ci{f)w. 

Definition 3.6 Given a k-monic subset S C Liek[y](X) and w G [Y]X* (not neces- 
sary in Ta), an element h G Liek[y](X) is called trivial modulo {S,w), denoted by 
h = mod{S,w), if h can be presented as a k[Y]-linear combination of normal S-words 
with leading words less than w, i.e., h = J2i^it^i[^i^i^i]si) where ai G k, /3j G \Y], 
Oj, hi G X* , Si G S , and PittiSihi -< w. 

In general, for p,q G Liek[y](X), we write p = q mod{S, w) if p — q = mod{S, w). 

S is a Grobner-Shirshov basis in Lie^Y]{X) if o-H the possible compositions of elements 
in S are trivial modulo S and corresponding w. 

If a subset S of Liek[y](X) is not a Grobner-Shirshov basis then one can add all nontriv- 
ial compositions of polynomials of S to S. Continuing this process repeatedly, we finally 
obtain a Grobner-Shirshov basis S"" that contains S. Such a process is called Shirshov 
algorithm. S**" is called Grobner-Shirshov complement of 5*. 

Lemma 3.7 Let f be a k-monic polynomial in L2ek[y](X). // = 1 or f = gf where 
g G k[Y] and f G Lie]^{X), then for any normal f-word [afh\j, a,b & X* , {u)f = 
[af'^b][afb]j has a presentation: 

(u)f = [af^b][afb]f = ^ aiAL^d/ 

where ai G k, /3j G \Y]. 

Proof. Case 1. = 1, i.e., / = /"^. By Lemma [3.11 and since -< is monomial, we have 
[afb] = [afb]f -Y,^^^^^^j,^ai(3i[vi], where G k, /3j G [Y], Vi G ALSW{X). Then 

{u)f = [afb][afb]f = [afb]f[afb]f+ ^ ail3i[afb]f[vi]= ^ [a/6] 

The result follows since Vi -< afb and each [afb] f[vi] is quasi-normal. 
Case 2. / = gf, i.e., f^ = f'. Then we have 

(w); = {af'b\\afb\j = g{[af'b][af'b]p). 

The result follows from Case 1. □ 

The following lemma plays a key role in this paper. 
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Lemma 3.8 Let S be a k-monic subset o/Lzek[y](X) in which each multiplication com- 
position is trivial. Then for any quasi-normal s-word |_mJs = {asb) and w = asb = [u\s, 
where a,b E X* , we have 

lu\s = [asb]s mod{S,w). 
Proof. For w = s the lemma is clear. 

For w s, since either [u\s = (asb) = [ai]{a2sb) or [u\s = (asb) = {asbi)[b2], there are 
two cases to consider. 

Let 

r _ J l^il if (asb) = [ai]{a2sb), 

d(asb) - I ^.length of (asbi) if (asb) = {asbi)[b2]. 

The proof will be proceeding by induction on {w,6(^asb)), where {w',m') < {w,m) w -< 
w' or w = w', m' < m [w, w' & Ta, m, m' G N) . 

Case 1 [mJs = (asb) = [ai]{a2sb), where ai > a2S'^b, a = 0102 and {a2sb) is quasi 
normal s-word. In this case, {w,S(^asb)) = {w, |ai|). 

Since w = asb = aia2sb >- a2sb, by induction, we may assume that {a2sb) = [a2sb]s + 
Y,CiiPi[ciSidi]s-^, where PiCiSidi -< a2sb, ai,a2,Ci,di G X*, Si e S, ai e k and f3i € [Y]. 
Thus, 

[u\s = (asb) = [ai][a2sb]s + ^ail3i[ai][ciSidi]s-,. 
Consider the term [cii] [cjSjciijs-. 

If ai > CiSi^di, then [oi] [ciSjdi]^. is quasi normal s-word with aiCiSidi -< w. Note that 
PittiCiSidi -< w, then by induction, /3j[ai] [QSjrfjjs- = mod{S,w). 

If Oi < CiSi^di, then [ctijfQSjfiJj. = — [cjSjrfjjgJai] and [cjSjfijjs- [ai] is quasi normal 
s-word with PiCiSidiai -< (3ia2sbai -< f3iaia2sb = w. 

If Oi = CiSi^di, then there are two possibilities. For Sj^ = 1, by Lemma [3.71 and by 
induction on w we have /3i[ai] [cjSj(ij]s- = mod{S,w). For Sj^ 7^ 1, [cti] [cjSj(ij]s- is the 
multiplication composition, then by assumption, it is trivial mod{S,w). 

This shows that in any case, /3j[ai][cjSj(ij]s- is a linear combination of normal s-words 
with leading words less than w, i.e., /9j['^i][cj"5iC^i]s- = mod{S,w) for all i. 

Therefore, we may assume that [u\s = (asb) = [ai][a2sb]s and ai > > a2S^b. 

If either |ai| = 1 or [ai] = [[an] [012]] and au < a2S^b, then [u\s = [ai][a2sb]s is already 
a normal s-word, i.e., [u\s = [ai][a2sb]s = [aia2sb]s = [asb]s- 
If [ai] = [[flu] [012]] and ai2 > a2S^b, then 

[u\s = [ai][a2sb]s = [[au][ai2]][a2sb]s = [an] [[012] [a2s6]s] + [[an][a2s6]s][ai2]- 

Let us consider the second summand [[aii][a2'5&]s][cti2]- Then by induction on w and by 
noting that [an] [a2s6]5 is quasi normal, we may assume that [an] [a2s6]s = ^ aj/3j[cjSj(ij]s- , 
where /^jCjSjdj ^ aiia2s6, Sj E S, ai E k, /3j G [Y], Ci,di G X*. Thus, 

[[an][a2s6]5][ai2] = ^ ai/3i[ciSi(ii],- [ai2], 

where an > ai2 > a2S^b, w = aiiai2a2sb. 
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If < CiSi^di, then [cjSjrfjjs- [012] is quasi normal with = (3iCiSidiai2 ^ (3iaiia2sbai2 -< 
w. By induction, /3i[ciSidi]s.[ai2] = mod{S,w). 

If ai2 > CiSi^di, then [ciSidi]s-,[ai2] = -[012] [QSiciij^- and [ai2][ciSidi]s-, is quasi normal 
with w' = f3iai2CiSidi ^ /3jai2aiia2s6 -< to. Again we can apply the induction. 

If ai2 = CiSi^di, then as discussed above, it is either the case in Lemma 13.71 or the 
multiplication composition and each is trivial mod{S,w). 

These show that [[an] [a2s6]5] [012] = mod{S,w). 

Hence, 

[u\s = [au][[ai2][a2sb]s] mod{S,w). 

where an > ai2 > a2S^b. 

Noting that [aii][[ai2][a2s6]5] is quasi-normal and now (tf , 5[aii][[ai2][a2sfe]s]) = (^^ kill) < 
{w, I ail), the result follows by induction. 

Case 2 [wjs = (asb) = {asbi)[b2] where as^bi > 62, b = 6162 and (asbi) is quasi 
normal s-word. In this case, {w,6i^asb)) = {w,m) where m is the s-length of (asbi). 
By induction on w, we may assume that 

[u\s = (asb) = [asbi]s[b2] + ^ a^A[c^■s^(i^]s-[&2]• 
where PiCiSidi -< asbi, Si E S, ai E k, /3j G [F], Ci,di G X* . 
Consider the term (5i[ciSidi]-s-^2\ for each i. 

If 62 < Ci'Si'^di, then [ciSj(ij]s-[62] is quasi normal s-word with /3iCi'Sidib2 -< w. 

If ^2 > CiSi^di, then [cjSj(ij]s-[62] = —[b2][ciSidi]s- and [fc2][ciSjC?j]s- is quasi normal s-word 
with (3ib2Ci'Sidi -< /3ib2asbi -< f3iasbib2 = w. 

If 62 = CiJi^di, then as above, by Lemma 13.71 and induction on w or by assumption, 
l3i[ciSidi]s:r[b2] = mod{S,w). 

These show that for each i, f3i[ciSidi]-s-[b2] = mod{S,w). 

Therefore, we may assume that \u\s = (asb) = [as6i]5[62], a,b E X*, where b = 6162 
and as^bi > 62- 

Noting that for [as6i]g = s or [asftij^ = [ai][a2s6i]j with a2S^6i < 62 or [as6i]g = 
[asfeii]s[6i2] with 612 < 62, [u\s is already normal. Now we consider the remained cases. 
Case 2.1 Let [asfoijj = [ai][a2s6i]s with ai > aia2S'''"6i > a2S^bi > 62- Then we have 

[u\s = [[ai][a2s6i]5][62] = [[ai][62]][a2s6i]5 + [ai][[a2s6i]i][62]]- 

We consider the term [[ai] [62]] [a2s6i]s. 

By noting that ai > 62, we may assume that [ai][62] = Su,^aife2 '^^t^J ^^ere ai G 
k, Ui G ALSW{X). We will prove that [Mi][a2s6i]s = mod{S,w). 

If Ui > a2S'^bi, then [Ui][a2s6i]s is quasi normal s-word with w' = Uia2sbi ^ aib2a2sbi -< 

w = ai a2 56162- 

If Ui < a2S^bi, then [Mj][a2s6i]j = — [a2s6i]j[uj] and [a2s6i]5[nj] is quasi normal s-word 
with w' = a2sbiUi ^ a2sbiaib2 -< w, since aia2s6i is an ALSW. 

If Ui = a2S^bi, then as above, by Lemma 13.71 and induction on w or by assumption, 
[tij][a2S&i]g = mod{S,w). 
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This shows that 

[u\s = [ai][[a2sbi]s[b2]] mod{S,w). 

By noting that ai > a2S^bi > b2, the result now follows from the Case 1. 
Case 2.2 Let [as6i]s = [ctsfeii]s[fei2] with as^bu > as^bubi2 > &12 > ^2, we have 

[u\s = [[asb^^Ub^2]][b2] = [[asb^^Ub2]][bu] + [asbnUlbum]. 

Let us first deal with [[as6ii]g[62]][&i2]- Since asbiib2 < asbubi2, we may apply induction 
on w and have that 

[[as6ii]5[62]][&i2] = ^^a'AiciSidils-lbu], 

where PiCiSldi < 0561162, w = 0561161262- 

If 612 < CiSi^di, then [ciSj(ij]sj[6i2] is quasi normal s-word with w' = f3iCiSidibi2 -< w. 

If 612 > Ci'sl^di, then [ciSidi\s-[bi2] = -[612] [ciSjc/j]^ and [bi2][ciSidi]s- is quasi normal 
s-word with w' = (3ibi2CiSidi ^ (3ibi2asbiib2 -< 0561161262 = w. 

If 612 = CiSi^di, then as above, by Lemma 1X71 and induction on w or by assumption, 
/3i[ciSidi]s-[bi2] = mod{S,w). 

These show that 

[u\s = [as6ii]5[[6i2][62]] mod{S,w). 
Let [612] [62] = [61262] + E„.^a 

ibjttjwj] where G k, Ui G ALSW{X). By noting that 
05^^611 > 61262, we have [as6ii]5[uj] = mod{S,w) for any i. Therefore, 

[u\s = [as6ii]s [61262] mod{S,w). 

Noting that [as6ii]5[6i262] is quasi-normal and now (w, 5[asf>ii],-[fei262]) < , ^[asb^Mbi]) , 
the result follows by induction. 

The proof is completed. □ 

Lemma 3.9 Let S be a k-monic subset o/Liek[y](X) in which each multiplication com- 
position is trivial. Then the elements of the ]<.[Y]-ideal generated by S can be written as a 
h[Y]-linear combination of normal S-words. 

Proof. Note that for any h G Id{S), h can be presented by a k[y]-linear combination 
of S-words of the form 

iu),= [ci][c2]---[Ck]s[di][d2]---[di] (1) 

with some placement of parentheses, where s E S, Cj,dj G ALSW{X), k,l > 0. By 
Lemma 13.81 it suffices to prove that ([T]) is a linear combination of quasi-normal S'-words. 
We will prove the result by induction on A; -|- Z. It is trivial when k + 1 = 0, i.e., {u)s = s. 
Suppose that the result holds for -|- / = n. Now let us consider 

iu)s = [Cn+l]([Cl][c2] ■ ■ • [Cfc]s[c?i][(i2] " " " [dn-k]) = [c„+l](f)s- 

By inductive hypothesis, we may assume without loss of generality that {v)s is a quasi- 
normal s-word, i.e., {v)s = [v\s = (csd) where csd G TA,c,d G X*. If c„+i > cs-^d, 
then {u)s is quasi-normal. If c„+i < cs^d then {u)s = —[v\s[cn+i] where [t'Js[c„+i] is 
quasi-normal. If c„+i = cs^d then by Lemma [3781 {u)s = [cn+i]{csd) = [cn+i][csd]s. Now 
the result follows from the multiplication composition and Lemma 13.71 □ 
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Lemma 3.10 Let S be a k-monic subset o/Lzek[y](X) in which each multiplication com- 
position is trivial. Then for any quasi-normal S-word [asb\ s = [ai] [02] ■ ■ ■ [flfc] ["^J s [bi] [^2] ■ ■ • [bi] 
with some placement of parentheses, the following three S -words are linear combinations 
of normal S -words with the leading words less than asb: 

(i) wi = [asb\s\[a,]^[c] where c -< a,; 

(li) W2 = [asb\s\ibj]^[c[\ where d -< bj; 

(iii) W3 = [asb\s\[v\,^[v'\, where [v'\^ -< [^;J^. 

Proof. We first prove (Hi). For + / = 1, for example, [as6Js = it is easy to 

see tliat tlie result follows from Lemmas 13.91 and 13.71 since either [f'Js[6i] or [&i][^^'Js is 
quasi-normal or W3 is the multiplication composition. Now the result follows by induction 
on + /. 

We now prove (i), and (ii) is similar. For k -\- I = 1, [as6Js = [ai][fjs and then 
wi = [c][v\s- Then either [ujs[c] or [c][wjs is quasi-normal or wi is equivalent to the 



multiphcation composition with respect to w = [v\^ [fj^. Again by Lemmas 13.91 and [XTf 
the result holds. For A; + / > 2, it follows from (iii). □ 

Let Si,S2 G Lie^Y]{^) be two k-monic polynomials in Liek[y](X). If as 
ALSW{X) for some a,b,c e X*, then by Lemma 12.5^ there exits a bracketing way 

[asfbs2c]gXgX such that [as^^sf-cj^x = asibs-^c. Denote 

[asibs2c]-s^-s^ = S2 [asfbs2 c]^x ^gx\^gX]^^^, 
[asibs2c]s,^s2 = sffasf 6s^c],-x^gx|[jX]^,2, 

[aSibS2c]si,s2 = [(^sfbS2 c]^x ^^x\^^x^^g_^^^^X]^^^. 

Thus, the leading words of above three polynomials are asibs2C = s^as^fes^c. 
The following lemma is also essential in this paper. 

Lemma 3.11 Let S be a Grobner-Shirshov basis in Lie^Y]{X) ■ For any Si, S2 G 5, Pi, 1^2 G 
[F], ai, a2, 61, &2 G X* such that w = f3iaiSibi = /32a2S2&2 G Ta, we have 

f3i[aisibi]s-, = /32[a2S2&2]s2 mod{S,w). 

Proof. Let L be the least common multiple of sf and s^". Then = = P2S2 = 
Lt for some t E [Y], = aisfbi = a2S^&2 and 

/3i[aiSi&i]si - /32[a2S262]s2 = t{^[aiSibi]si - 4^ [02^2 62] sa)- 

Si S2 

Consider the first case in which is a subword of 61, i.e., = ais^as^62 for some 
a G X* such that bi = 05^62 and 02 = aisfa. Then 

/3i[aisi6i]si - f32[a2S2b2]s2 

= t{—[aisias2b2]si - — [aisf as262]s2) 
s^ S2 

= tC3{Si, S2)w', 
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if L 7^ 3^82, where w' = Lw-^ . Since 5 is a Grobner-Shirshov basis, 6*3(51,52) = 
mod{S, Lw^). The result follows from w = tLw^ = tw' . 

Suppose that L = sjsj. By noting that -^[aiSias2b2]si S2 and 4' [015105262] 
quasi- normal, by Lemma 13.81 we have 

[ai5ias262]5i,s2 = sl[aiSias2b2\si mod{S,w'), 
[ai5ias262]si,s2 = Si [aisf as2b2]s2 mod{S,w'). 

Thus, by Lemma [3.101 we have 

/3i[aisi6i]g, - (32[a2S2b2]s2 
= t(s^[aiSias^62]5i - s\ [o-isf as2b2]s2) 

= t((s^[aisias^62]5i - [aiSias2b2]sus2) + {[aiSias2b2]si,s2 - [aiSias2b2]si,s2) 
-([aisias2&2]si,s2 - [a'isias2b2]si,s2) - (sf [aisf as262]s2 - [aiSias2b2]suS2)) 

= [aisias^62]si - [aiSias2&2]s-i,S2) + - [si])as2b2]si,s2 

-[aisia(s2 - [S2])b2]si,s2 - (sH^isf as2&2]s2 " [^i 5103262] 11,52)) 

= mod{S,w). 



iS2 



Second, if is a subword of s fb for some a, 6 G X*, then [025262]' 

[aias266i]s2- Let w' = Ls^ . Thus, by noting that [ai[as26]s26i] is quasi-normal and by 
Lemmas 13.81 and I3.10[ 

(3i[aisibi]s^ - (32[a2S2b2]s2 
= t{—[aisibi]s-, - — [aias266i]i2) 

Si S2 

= t{ — [aiSibi]si — —[alSlbl]s^\sl^~^[as2b]sJ — —([^1052661] §2 — [aiSl6l]si U-^Iasafeka) 
Si S2 S2 

= t[ai{^si - ^[as2b]s^)bi] - 4^([aias266i]s2 - [0'i[0'S2b]s2bi]) 

$1 $2 S2 

= t[aiCi(si,S2)t„'6i] - 4r([aias266i]s2 - [«i[«S26]52^i]) 
= mod{S, w). 

One more case is possible: A proper suffix of sf is a proper prefix of s^, i.e., = ab 
and S2 = be for some a,b,c E X* and 6 7^ 1. Then abc is an ALSW. Let w' = Lobe. Then 
by Lemmas 13.81 and 13.10^ we have 

Pi[aiSibi\-s^ - /32[a2S262]i2 
= — [aiSic62]si - — [aias262]s2) 

S2 

= t—{[aisicb2]si - [ai[sic]s^b2]) - t— ([aias262]s2 - [ai[as2]s2b2]) 

$2 

+t{[aiC2{Si,S2)w'b2] 

= mod{S, w). 
The proof is completed. □ 
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Theorem 3.12 (Composition-Diamond lemma for Liek[Y]{X)) Let S C Liek[y](X) 
be nonempty set of k-monic polynomials and Id{S) be the \<.[Y]-ideal of Lie^Y]{X) gen- 
erated by S . Then the following statements are equivalent. 

(i) S is a Grobner-Shirshov basis in Lzek[y](X). 

(a) f G Id{S) ^ f = Pasb G Ta for some s e S, f3 e [Y] and a,b e X*. 

(Hi) Irr{S) = {[u] \ [u] G Tn, u ^ f3asb, for any s G S, /3 G [Y], a,b ^ X*} is a k-basis 
for Lie^Y]iX\S) = Liei^[Y]{X) / Id{S). 

Proof, (i) =^ (a). Let S he a Grobner-Shirshov basis and 7^ / G Id{S). Then by 
Lemma [33] / has an expression / = ^aif3i[aiSibi]s-, where ai G k, /3j G [Y], ai,bi G 
X*, Si G 5*. Denote by Wi = f3i[aiSibi]g-_, i = 1,2,.... Then Wi = (iittiSibi. We may 
assume without loss of generality that 

Wi = W2 = ■■■ = wi>- wi+i y h--- 

for some / > 1. 

The claim of the theorem is obvious if / = 1. 

Now suppose that / > 1. Then f3iaiSibi = wi = W2 = /32«2'S2&2- By Lemma 13. IH 

aiPi[aiSibi]s-^ + a2/32[a2S2&2]i2 
= (ai + a2)/3i[aisi6i]si + a2(/32[a2S2&2]i-2 - 
= {ai + a2)l3i[aisibi]s-^ ■mod{S,wi). 

Therefore, if ai + 02 7^ or Z > 2, then the result follows from the induction on /. For 
the case ai + 0:2 = and / = 2, we use the induction on wi. Now the result follows. 

(ii) =^ (Hi). For any / G Liek[y](X), we have 

/= ^ ai(3i[aiSibi\s-, + ^ "jK'], 

where ai, a'j G k, /3j G [Y], [uj] G Irr{S) and Si G S. Therefore, the set Irr{S) generates 
the algebra Liei^[Y]iX) / Id{S) . 

On the other hand, suppose that h = ^a^Wj] = in Liek,[Y]{X) / Id{S) , where G k, 
[ui] G Irr{S). This means that h G Id{S). Then all must be equal to zero. Otherwise, 
h = Uj for some j which contradicts (ii). 

{iii) ^ {i). For any f,g E S, we have 

Cr{f,g)w= ^ ail3i[aiSibi]s-, + ^ "jK]- 

For r = 1,2,3,4, since Cr{f,g)w G Id{S) and by (Hi), we have 

Cr{f,g)w= ^ ai(3i[aiSibi]s-i. 

Therefore, S" is a Grobner-Shirshov basis. □ 
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4 Applications 



In this section, all algebras (Lie or associative) are understood to be taken over an as- 
sociative and commutative k-algebra K with identity 1 and all associative algebras are 
assumed to have identity 1. 

Let C be an arbitrary Lie i^-algebra which is presented by generators X and defining 
relations S, C = LieK{X\S). Let K have a presentation by generators Y and defining 
relations R, K = k[Y\R]. Let >~y and >~x be deg-lex orderings on [Y] and X* respectively. 
Let RX = {rx\r G -R, x G X}. Then as k[y]-algebras, 

C = Lie^Y\R]{X\S) ^ Lie^Y]{X\S,RX). 

As we know, the Poincare-Birkhoff-Witt theorem cannot be generalized to Lie algebras 
over an arbitrary ring (see, for example, [26]). This implies that not any Lie algebra over 
a commutative algebra has a faithful representation in an associative algebra over the 
same commutative algebra. Following P.M. Cohn (see |2^), a Lie algebra with the PBW 
property is said to be "special". The first non-special example was given by A.I. Shirshov 
in [SB] (see also [H] ) , and he also suggested that if no nonzero element of K annihilates 
an absolute zero-divisor, then a faithful representation always exits. Another classical 
non-special example was given by P. Cartier [T7j. In the same paper, he proved that each 
Lie algebra over Dedekind domain is special. In both examples the Lie algebras are taken 
over commutative algebras over GF{2). Shirshov and Cartier used ad hoc methods to 
prove that some elements of corresponding Lie algebras are not zero though they are zero 
in the universal enveloping algebras. P.M. Cohn [23] proved that any Lie algebra over ^K, 
where c/iar(k) = 0, is special. Also he claimed that he gave an example of non-special 
Lie algebra over a truncated polynomial algebra over a filed of characteristic p > 0. But 
he did not give a proof. 

Here we find Grobner- Shirshov bases of Shirshov's and Cartier's Lie algebras and then 
use Theorem 13.121 to get the results and we give proof for P.M. Cohn's example of char- 
acteristics 2 and 3. For p > 3 it remains an open problem. 

Note that if £ = LieK{X\S), then the universal enveloping algebra of C is Uk{C) = 
K{X\S^~^) where S^~^ is just 5" but substitute all [u,v] by uv — vu. 

Example 4.1 (Shirshov JM [HFj Let the field k = GF{2) and K = k[Y\R], where 

r = {y„2 = 0,1,2,3}, R={y,y,=y, (z = 0, 1,2,3), y.y, = {t,J^O)}. 
Let C = LieK{X\Si, S2), where X = {xi, 1 < i < 13}, 5*1 consists of the following relations 

[X2,xi] = Xn, [X3,xi] = Xi3, [X3,X2] = Xu, 
[x^^Xs] = [xq,X2] = [X8,xi] = Xio, 

[xi, Xj] = {for any other i > j), 
and S2 consists of the following relations 
yoXi = Xi {i = 1,2,..., 13), 

X4 = yixi, X5 = y2Xi, X5 = yiX2, X6 = y^xi, x^ = yix^, 

X7 = y2X2, Xs = y3X2, Xs = y2X3, Xg = 2/3X3, 
y3Xn = Xio, 1/1X12 = Xio, y2Xl3 = Xio, 

y,Xk = (fc = 4,5,..., 11,13), y2Xt = (t = 4, 5, . . . , 12), ^32;^ = (/ = 4, 5, . . . , 10, 12, 13). 
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Then C is not embeddable into its universal enveloping algebra. 

Proof. C = LieK{X\Si,S2) = Liek[Y]{X\Su S2, RX). We order Y and X by yt > 
Uj if z > j and Xi > Xj if i > j respectively. It is easy to see that for the ordering >- 
on [Y]X* as before, S* = 5*1 U 5*2 U RX U {yiX2 = 1/2X1, 1/1X3 = 2/3X1, y2X3 = 2/3X2} is a 
Grobner-Shirshov basis in Liek[y](X). Since Xio G Irr{S) and Irr{S) is a k-basis of £ by 
Theorem 13.121 xio 7^ in £. 

On the other hand, the universal enveloping algebra of C has a presentation: 

Uk{C) = K{X\S[-\S2) = k[Y]{X\S[-\S2,RX), 

where S[ ^ is just Si but substitute all [ 

But the Grobner-Shirshov complement of S'j '' U 5*2 U RX in k[F](X), see [32], is 

= S[~^ U 5*2 U RX U {2/1X2 = y2Xi, 2/1X3 = y^xi, 2/22:3 = y3X2, = 0}. 

Thus, £ can not be embedding into Uk{C). □ 

Example 4.2 (Cartier IH]) Let k = GF{2), K = k[yi,y2,y3\yf = 0, i = 1,2,3] and 
C = LieK{X\S) , where X = {xij, I < i < j < 3} and 

S = {[xii,Xjj] = Xji {i > j), [xij,Xki] = (others), 2/32:33 = y2X22 + ViXu}. 
Then C is not embeddable into its universal enveloping algebra. 

Proof. Let Y = {2/1, 2/2, 1/3}- Then 

C = LieK{X\S) ^ Lie^iY]{X\S,y^Xki = (V^,fc,/)). 

Let 2/i > yj if ^ > j and Xij > Xki if >iex {k,l) respectively. It is easy to see 

that for the ordering >- on [F]X* as before, S' = S U {yfxki = (Vi,A;,Z)} U 6*1 is a 
Grobner-Shirshov basis in Liek[y](X), where Si consists of the following relations 

y'iX2z = yixi2, ysxis = y2Xi2, 2/23:23 = yixi3, y3y2X22 = ysyixu, 
ymxi2 = 0, y3y2Xi2 = 0, 2/31/22/12:11 = 0, 2/22/1^:13 = 0. 

The universal enveloping algebra of C has a presentation: 

Uk{C) = K(X|S(-)) ^ k[Y]{X\S'^-\y^XM = (V^, A;,/)). 

In Uk{C), we have (cf. [HI) 

= ylxl3 = (2/2X22 + yixii)"^ = ylxl^ + ylxl^ + 2/22/1 [2:22, xu] = y2yixi2. 

On the other hand, since 2/22/12:12 € /rr(S"), 2/22/12:12 7^ in £. Thus, C can not be em- 
bedded into Uk{C). □ 
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Example 4.3 (Cohn J^) Let p = 2 or 3, K = k[?/i, ?/2, l/slz/f = 0,i = 1,2,3] where the 
characteristic of k is p. Let C = LieK{xi,X2,xs \ 7/3X3 = 2/2X2 + 2/1X1). Then C is not 
embeddable into its universal enveloping algebra. 

Proof. Let Y = {2/1,2/2,2/3}, X = {xi,X2,X3} and S = {2/3X3 = 1/2X2 + yiXi, yfxj = 0}. 
Then £ = LicxiXly^xs = 1/2X2+111X1) = Liek,[Y]{X\S) and Uk{C) = k[F](X|S'). Suppose 
that is the Grobner-Shirshov complement of S in Liek[y](X). 

First, we consider p = 2 and the element [2/22:2, 2/12^1] iii ^ ^'^'^ Uk{C) (cf. [23]). 
Let Sx^ be the set of all the elements of whose X-degrees do not exceed 2. Then 
by Shirshov's algorithm we have that S'^a consists of the following relations 

y^x^ = y2X2 + yixi, y^Xj = 0, y3y2X2 = ymxi, ymyixi = 0, 
2/2[x3X2] = yi[x3Xi], y3yi[x2Xi] = 0, y2yi[x3Xi] = 0. 

Thus, 2/22/1 [2^2, a; 1] is in the k-basis Irr{S'~^) of C 
On the other hand, in Uk{jC) we have 

= yjxj = (2/2X2 + yiXiY = ylxl + ylxl + 2/22/1^2,2:1] = 2/22/1 [2:2, 2:1]. 

Thus, C can not be embedded into Uk{C). 

Second, we consider p = 3 and a special element ylyi[x2X2Xi\ + 2/22/1 [2:22:1X1] in £ and 
Uk{C). 

Let S'x3 be the set of all the elements of whose X-degrees do not exceed 3. Then 
again by Shirshov's algorithm, Sx^ consists of the following relations 

1/32:3 = 2/22:2 + 2/12:1, y^Xj = 0, 2/32/22:2 = ylyixu 2/32/22/12^1 = 0, 

2/2 [2:32:2] = -2/1 [2:32:1], 2/32/1 [2:22:1] = 0, 2/22/1 [2:32:1] = 0, 

2/32/2 [3^22:22:1] = 2/32/22/1 [2:22:1X1], 2/32/22/1 [2:22:1X1] = 0, 2/32/22/1 [2:22:22:1] = 2/32/? [2:22:1X1]. 

Thus, 2/22/i[2;22:22:i], 2/22/1 [2:22:1X1] G /rr(5"^), which implies 2/i2/i [2:22:22:1] +2/22/1 [2:22:1X1] ^ 
in C. 

But in Uk{C) we have 

= ylxl = (2/2X2 + 2/12:1)^ = 2/22/1 [2:22:22:1] + 2/22/1 [2:22:1X1]. 
Thus, C can not be embedded into Uk{JI^)- D 

Now we give some examples which are special Lie algebras. 

Lemma 4.4 Suppose that f and g are two k-monic polynomials o/Lzek[y](X) such that 
= 1 and g = rx where r G k[F], x E X. Then each inclusion composition of f and g 
is trivial modulo {/} U rX . 

Proof. Suppose that / = [axb] for some a, 6 G X*, f = f + f and g = fx + r'x. Then 
w = faxb and 

Ci{f,g)w = ff-[a[rx]b]r^ 
— fj' _ 'f'[axb] 
= rf-r'f 

= mod{{f}UrX,w). □ 
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Theorem 4.5 For an arbitrary commutative k-algebra K = k[Y\R], if S is a Grobner- 
Shirshov basis in Liek[y](X) such that for any s & S , s is h[Y]-monic, then C = 
LieK{X\S) is embeddable into its universal enveloping algebra Uk{C) = K{X\S^^'>) . 

Proof. Assume without loss of generality that R is the Grobner-Shirshov basis in k[y]. 
Then £ = Liek[Y]{X\S, RX) . By Lemma S U RX is a Grobner-Shirshov basis in 
Liek[Y]{X). 

On the other hand, in Uk{C) = k[Y]{X\S^'\ RX), S^-^ U RX is a Gr5bner-Shirshov 
basis in k[y](X) in the sense of the paper |32] . 

Thus for any u G Irr{SURX) in Liei,[Y]{X), we have u e Irr{S^-'^ U RX) in k[Y]{X). 
This completes the proof. □ 

Corollary 4.6 Let K = k[Y\R]. Suppose that f G Lie^Y]{X) is k[Y]-monic. Then 
LicxiXlf) is special and the word problem of LieK{X\f) is solvable. 

Corollary 4.7 (J^ \4^ ) Suppose that R and S are Grobner-Shirshov bases in k[Y] and 
Liek{X) respectively. Then K <^ Lie]i{X\S) = LieK{X\S) = Liek[Y]{X\S, RX) is special. 

Corollary 4.8 Let S be a Grobner-Shirshov basis in Liek[yuy-i](X) such that for any 
s G S, s is k[Y,Y^^]-monic. Then C = Liei^[YuY-'^]{X\S,yy~^x = x, x E X,y & Y) is 
special. 

Now we give other applications. 

Theorem 4.9 Suppose that S is a finite homogeneous subset of Lie]^{X). Then the word 
problem of LieK{X\S) is solvable for any commutative k-algebra K. 

Proof. Let 5**-^ be the Grobner-Shirshov complement of S in Liek(X). Clearly, 
consists of homogeneous elements in Lie^lX) since the compositions of homogeneous 
elements are homogeneous. By Lemma \A.A\ we have that for any K = ]<.[Y\R\ with R a 
Grobner-Shirshov basis in k[Y], the composition of an element in S'" and an element in 
RX is always trivial in Lie]^[Y]{X). For a given / e LiexiX), it is obvious that after a 
finite number of steps one can write down all the elements of S'^ whose X-degrees do not 
exceed the degree of /"^. Denote the set of such elements by Sjx. Then Sjx is a finite 
set. By Theorem I3.12[ the result follows. □ 

Theorem 4.10 Every finitely or countably generated Lie K-algebra can be embedded into 
a two-generated Lie K-algebra, where K is an arbitrary commutative k-algebra. 

Proof. Let K = k[Y\R] and C = LieK{X\S) where X = {xi,i G /} and J is a subset 
of the set of nature numbers. Without loss of generality, we may assume that with the 
ordering >- on [y]X* as before, S U RX is a Grobner-Shirshov basis in Liek[y](X). 

Consider the algebra £' = Lickiy] ("^' ^1*^') where S' = SU RX U R{a, b}U{ [aab'ab] — 
Xi,i G /}. 

Clearly, C is a Lie i^-algebra generated by a, b. Thus, in order to prove the theorem, by 
using our Theorem 13. 12[ it suffices to show that with the ordering >- on [V](X U {a, b})* 
as before, where a y b >~ Xi, Xj G X, 5" is a Grobner-Shirshov basis in Liek[y](X, a, b). 
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It is clear that all the possible compositions of multiplication, intersection and inclusion 
are trivial. We only check the external compositions of some / G 5 and ra G Ra: Let 

w = Luif^U2aus where L = L{p^,f) and Uif^U2au3 G ALSW{X,a,b). Then 

C3{f,ra)^ 
= -j^[uifu2au3]f - -[uif^U2{ra)u3] 

= (77 [«i/^2a^i3]/ - r—[uif^U2au3]fx) - {-[uif^U2{ra)u3] - r-[uif^U2au3\fx) 
Ji r r r 

= {[ui{^f)u2au3\f - [ui{r—f^)u2au3\fx) - r—{[uif^U2au3\ - [uif^U2au3]jx) 

= [uiC3{f ,rx)yjiU2au3\ mod{S',w) 

for some x occurring in and w' = Lf^ . Since 5* U RX is a Grobner-Shirshov basis in 
Liek[Y]{X), C3{f,rx)wi = mod{SURX,w'). Thus bv Lemma lS.lOl [uiC3{f,rx)wiU2au3] = 
mod{S',w). □ 
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Abstract: In this paper we establish a Grobner-Shirshov bases theory for Lie algebras 
over commutative rings. As applications we give some new examples of special Lie algebras 
(those embeddable in associative algebras over the same ring) and non-special Lie algebras 
(following a suggestion of P.M. Cohn (1963)). In particular, Cohn's Lie algebras over the 
characteristic p are non-special when p = 2, 3, 5. Also we prove that any finitely or 
countably generated Lie algebra is embeddable in a two generated Lie algebra. 
Key words: Lie algebra over a commutative ring, Lyndon- Shirshov word, Grobner- 
Shirshov basis. 
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1 Introduction 

Grobner bases and Grobner-Shirshov bases were invented independently by A.I. Shirshov 
[m |3U] for ideals of free (commutative, anti-commutative) non-associative alegbras, free 
Lie algebras [ISl EDI and implicitly free associative algebras |1H1 ED] (see also [21 E]), by 
H. Hironaka [33] for ideals of the power series algebras (both formal and convergent), and 
by B. Buchberger [19] for ideals of the polynomial algebras. 
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The Shirshov's Composition-Diamond lemma and Buchberger's theorem is the corner 
stone of the theories. This proposition says that in appropriate free algebra Ak{X) over a 
field k with a free generating set X and a fixed monomial ordering, the following conditions 
on a subset S of Ak{X) are equivalent: 

(i) Any composition (s-polynomial) of polynomials from S is trivial; 

(ii) If / € Id{S), then the maximal monomial / contains some maximal monomial s, 
where s G S* (for Lie algebra case, / means the maximal associative word of Lie 
polynomial /); 

(iii) The set Irr{S) of all (non-associative in general) words in X, which do not contain 
any maximal word s, s G 5, is a linear fc-basis of the algebra A(X|5') = A{X)/ Id{S) 
with generators X and defining relations S (for Lie algebra case, Irr{S) is the set 
of Lyndon-Shirshov Lie words whose associative support do not contain maximal 
associative words of polynomials from S). 

S is called a Grobner-Shirshov basis of the ideal Id{S) of Ak{X) generated by S if one 
of the conditions (i)-(iii) holds. 

Grobner bases and Grobner-Shirshov bases theories have been proved to be very useful 
in different branches of mathematics, including commutative algebra and combinatorial 
algebra, see, for example, the books [H UHl EQl Ell ES [30] , the papers [21 H [5], and the 
surveys [3 [13 [ISl [IZ] • 

Up to now, different versions of Composition-Diamond lemma are known for the follow- 
ing classes of algebras apart those mentioned above: (color) Lie super- algebras ( [381 [39] ) 
[iO] . Lie p- algebras [39], associative conformal algebras |14], modules [M], right-symmetric 
algebras [TT], dialgebras [0], associative algebras with multiple operators [T3|, Rota-Baxter 
algebras [TD], and so on. 

It is well known Shirshov's result [50] that every finitely or countably generated 
Lie algebra over a field k can be embedded into a two-generated Lie algebra over k. 
Actually, from the technical point of view, it was a beginning of the Grobner-Shirshov 
bases theory for Lie algebras (and associative algebras as well). Another proof of the 
result using explicitly Grobner-Shirshov bases theory is refereed to L.A. Bokut, Yuqun 
Chen and Qiuhui Mo [12]. 

A. A. Mikhalev and A. A. Zolotykh [?T] prove the Composition-Diamond lemma for a 
tensor product of a free algebra and a polynomial algebra, i.e., they establish Grobner- 
Shirshov bases theory for associative algebras over a commutative algebra. L.A. Bokut, 
Yuqun Chen and Yongshan Chen [8] prove the Composition-Diamond lemma for a tensor 
product of two free algebras. Yuqun Chen, Jing Li and Mingjun Zeng [22] prove the 
Composition-Diamond lemma for a tensor product of a non-associative algebra and a 
polynomial algebra. 

In this paper, we establish the Composition-Diamond lemma for Lie algebras over a 
polynomial algebra, i.e., for "double free" Lie algebras. It provides a Grobner-Shirshov 
bases theory for Lie algebras over a commutative algebra. 

Let k be a field, K a commutative associative k-algebra with identity, and C a Lie K- 
algebra. Let LiexiX) be the free Lie i^'-algebra generated by a set X. Then, of course, 
C can be presented as iiT-algebra by generators X and some defining relations 5", 

C = LieK{X\S) = LteK{X)/Id{S). 
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In order to define a Grobner-Shirshov basis for £, we first present K in a form 

K = k[Y\R] = k[Y]/Id{R), 

wfiere k[Y] is a polynomial algebra over the field k, i? C k[Y]. Then the Lie i^'-algebra 
C has the following presentation as a k[y]-algebra 

£ = Lie]i[Y]{X\S, Rx, X G X) 

(cf. E.S. Chibrikov [26], see also [21]). 

Now by definition, a Grobner-Shirshov basis for C = LiexiXlS) is Grobner-Shirshov 
basis (in the sense of present paper) of the ideal Id{S, Rx, x G X) in the "double free" 
Lie algebra Lzek[y](X). 

As an application of our Composition-Diamond lemma (Theorem 13.121) . a Grobner- 
Shirshov basis of C gives rise to a linear basis of £ as a k-algebra. 

We give applications of Grobner-Shirshov bases theory for Lie algebras over a commu- 
tative algebra K (over a field k) to the Poincare-Birkhoff-Witt theorem. Recent survey 
on PBW theorem see in P.-P. Grivel [21] • A Lie algebra over a commutative ring is called 
special if it is embeddable into an (universal enveloping) associative algebra. Otherwise 
it is called non-special. There are known classical examples by A.I. Shirshov [15] and P. 
Cartier [22] of Lie algebras over commutative algebras over GF{2) that are not embed- 
dable into associative algebras. Shirshov and Cartier used ad hoc methods to prove that 
some elements of corresponding Lie algebras are not zero though they are zero in the 
universal enveloping algebras, i.e., they proved non-speciality of the examples. Here we 
find Grobner-Shirshov bases of these Lie algebras and then use our Composition-Diamond 
lemma to get the result, i.e, we give a new conceptual proof. 

P.M. Cohn [28] gave the following examples of Lie algebras 

Cp = Liexixi, X2, xsli/sxs = 1/2X2 + yiXi) 

over truncated polynomial algebras 

K = k[yi,y2,y3\yf = 0, 1 < i < 3], 

where k is a filed of characteristic p > 0. He conjectured that Cp is non-special Lie algebra 
for any p. Cp is called the Cohn's Lie algebra. Using our Composition-Diamond lemma 
we have proved that C2, C3 and £5 are non-special Lie algebras. 

We give new class of special Lie algebras in terms of defining relations (Theorem 14. 6p . 
For example, any one relator Lie algebra LK{X\f) with a k[y]-monic relation / over a 
commutative algebra K is special (Corrolary 14.71) . It gives an extension of the list of 
known special Lie algebras (ones with valid PBW Theorems) (see P.-P. Grivel [21] )• Let 
us give this list: 

1. £ is a free fsT-module (G. Birkgoff [3J, E. Witt [53]), 

2. K is a. principal ideal domain (M. hazard [SUES]), 

3. i^T is a Dedekind domain (P. Cartier [22j ) . 
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4. K is over a field k of cliaracteristic (P.M. Colin [2S]), 

5. £ is i^'- module without torsion (P.M. Colin |28]), 

6. 2 is invertible in K and for any x,y,z E C, [x[yz]] = (Y. Nouaze, P. Revoy [12]). 

P. Higgins [32j unified the cases 1-3 and gave homological invariants of special Lie 
algebras inspired by results of R. Baer, see also P. Revoy [Sj. 

As a last application we prove that every finitely or countably generated Lie algebra 
over an arbitrary commutative algebra K can be embedded into a two-generated Lie 
algebra over K. 

We thank Yu Li and Jiapeng Huang for some comments. 

2 Preliminaries 

We start with some concepts and results from the literature concerning with the Grobner- 
Shirshov bases theory of a free Lie algebra Lieit_{X) generated by X over a field k. 

Let X = {xi\i G /} be a well-ordered set with Xi > Xj if i > j for any i,j G /. Let X* 
be the free monoid generated by X. For G X*, let the length of u be m, 

denoted by \u\ = m. 

We use two linear orderings on X*: 

(i) {lex ordering) 1 > t if t 7^ 1 and, by induction, if u = Xiu' and v = Xjv' then u > v 
if and only if Xi > Xj or Xi = Xj and u' > v'; 

(ii) {deg-lex ordering) u >~ v if \u\ > \v\, or 1^1 = |f | and u > v. 

We regard Liek(X) as the Lie subalgebra of the free associative algebra k(X), which 
is generated by X under the Lie bracket [u^v] = uv — vu. Given / G k(X), denote by / 
the leading word of / with respect to the deg-lex ordering; / is monic if the coefficient of 
/is L 

Definition 2.1 (l3l\ \4^ ) w G X* \ {1} is an associative Lyndon-Shirshov word (ALSW 
for short) if 

(Wu, V G X*, u,v ^ 1) w = uv ^ w > vu. 

We denote the set of all ALSW's on X by ALSW{X). 

We cite some useful properties of ALSW's ([371 SS], see also, for example, [6], [161 El 

(I) if w G ALSW {X) then an arbitrary proper prefix of w cannot be a suffix of w\ 

(II) ifw = uvE ALSW{X), where u,v ^ 1 then u > w > v; 

(III) ifu,ve ALSW{X) andu>v then uv G ALSW{X); 

(IV) an arbitrary associative word w can be uniquely represented as w = C1C2 • . . c^, 
where ci, . . . , c„ G ALSW{X) and ci < C2 < . . . < c„; 

(V) if u' = U1U2 and u" = U2U3 are ALSW's then u = U1U2U3 is also an ALSW; 

(VI) if an associative word w is represented as in (IV) and v is an associative Lyndon- 
Shirshov subword of w, then t> is a subword of one of the words Ci, C2,. . .,c„; 

(VII) if an ALSW w = uv and v is its longest proper ALSW, then u is an ALSW as 
well. 
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Definition 2.2 (fE3i A nonassociative word (u) in X is a non-associative Lyndon- 
Shirshov word (NLSW for short), denoted by [u], if 

(i) u is an ALSW; 

(a) if[u] = [(mi)(m2)] then both {ui) and (^2) are NLSW's (from (I) it then follows that 
Ui > U2); 

(lii) if [u] = [[[un][ui2]][u2]] then U12 < M2- 

We denote the set of all NLSW's on X by NLSW{X). 

In fact, NLSW's may be defined as Hall-Shirshov words relative to lex ordering (for 
definition of Hall-Shirshov words see [49j, also [52j). 

By [371 HHl |50] , for an ALSW w, there is a unique bracketing [w] such that [w] is NLSW: 
[w] = w; if = 1 and [w] = [[u][v]] if \w\ > 1, where v is the longest proper associative 
Lyndon-Shirshov end of w and by (VII) u is an ALSW. Then by induction on \w\, we 
have [w]. 

It is well known that the set NLSW{X) forms a linear basis of Liek{X), see [37 11^ 150]. 

Considering any NLSW [w] as a polynomial in k(X), we have [w] = w (see [IHl 150]). 
This implies that if / G Liek{X) C k{X) then / is an ALSW. 

Lemma 2.3 (Shirshov [37^ ] Suppose that w = aub, where w,u G ALSW{X) . Then 

[w] = [a[uc]d], 

where b = cd and possibly c = 1. Represent c in the form 

C = C\C2 ■ ■ - Cn, 

where Ci, . . . ,Cn & ALSW{X) andci < C2 < . . . < Cfc. Replacing [uc] by[. . . [[u][ci]] . . . [c„]] 
we obtain the word [w]u = . . [[[u][ci]][c2]] ■ ■ ■ [cn]]d] which is called the special bracketing 
of w relative to u. We have 

M« = 

Lemma 2.4 ( Chibrikov I21j ) Letw = aub be as in Lemma lKM Then [uc] = [u[ci][c2] ■ ■ ■ [c„]], 
that is 

[w] = [a[. . . [u[ci]] . . . [cn]]d]. 

Lemma 2.5 ( IT^ \27^ ) Suppose that w = aubvc, where w,u,v G ALSW{X) . Then there 
is some bracketing 

[w]u,v = [a[u]b[v]d] 

in the word w such that 
More precisely, 

, , [a[up\uq[vs\J] if[w] = [a[up\q[vs\l], 

\ [a[u[ci] ■ ■ ■ [ct]v ■ ■ • [cn]]uP\ if [w] = [a[u[ci\ ■ ■ ■ [q] ■ ■ ■ [cn]]p] with v a subword of ct. 
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3 Composition-Diamond lemma for L2ek[y](X) 

Let Y = {Hjlj G J} be a well-ordered set and [Y] = {yj-^yj^ ■ ■ ■ yj^\yj-^ < Z/jz — ' ' ' — 
Vji,^ > 0} the free commutative monoid generated by Y. Then [Y] is a k-linear basis of 
the polynomial algebra k[y]. 

Let the set X be a well-ordered set, and let the lex ordering < and the deg-lex ordering 
-<x on X* be defined as before. 

Let Liek[y](X) be the "double" free Lie algebra, i.e., the free Lie algebra over the 
polynomial algebra k[y] with generating set X. 

From now on we regard Lie^y] {X) = \<.[Y]®Lie]^{X) as the Lie subalgebra of k[y] {X) = 
k[y] (8)k(X) the free associative algebra over polynomial algebra k[y], which is generated 
by X under the Lie bracket [u,v] = uv — vu. 

Let 

Ta = {u = u^u^\u^' E [Y], e ALSW{X)} 

and 

Tn = {[u] = u^[u'']\u^ e [Y], [m^] G NLSW{X)}. 

By the previous section, we know that the elements of Ta and T/v are one-to-one 
corresponding to each other. 

Remark: For u = u^u^ G Ta, we still use the notation [u] = u^[u^] where [u^] is a 
NLSW on X. 

Let kT^ be the linear space spanned by T/v over k. For any [u], [v] G T/v, define 

where ai G k, [wfYs are NLSW's and = Y.'^il'^f] in Lie]^{X). 

Then k[Y] (g) Liei,{X) = kT/v as k-algebra and T/v is a k-basis of k[Y] ® Lie^^X). 
We define the deg-lex ordering >- on 

[Y]X* = {u^u''\u^ G G X*} 

by the following: for any u,v E [Y]X*, 

u>~ V if {u^ >~x v^) or {u^ = and yy v^), 

where >-y and >~x are the deg-lex ordering on [Y] and X* respectively. 

Remark: By abuse the notation, from now on, in a Lie expression like we will 

omit the external brackets, = [u][v]- 

Clearly, the ordering >- is "monomial" in a sense of [u] [w] >- [v] [w] whenever ^ 
for any u,v,w G Ta- 

Considering any [u] G T^v as a polynomial in k-algebra k[y](X), we have [u] = u E Ta- 
For any / G Tzek[y](X) C k[Y] (S)k(X), one can present / as a k-linear combinations of 
T/v-word, i.e., / = ^a^Wj], where [ui] G T/v. With respect to the ordering >- on 
the leading word / of / in k[y](X) is an element of Ta- We call / is k-monic if the 
coefficient of / is 1. On the other hand, / can be presented as k[y]-linear combinations 
of NLSW{X), i.e., / = T.fiiY)[uf], where fi {Y) G k[Y], [uf] G NLSW{X) and 
>~x U2 yx - - -- Clearly = wf and = fi{Y)- We call / is k[F]-monic if the 
fi{Y) = 1. It is easy to see that k[y]-monic implies k-monic. 

Equipping the above concepts, we rewrite the Lemma 12.31 as follows. 
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Lemma 3.1 (Shirshov fj^ IM^ ) Suppose that w = aub where w,u E Ta and a,b E X* . 
Then 

[w] = [a[uc]d\, 

where [uc] G T/v and b = cd. 

Represent c in a form c = C1C2 ■ ■ - Ck, where ci, . . . , G ALSW{X) and ci < C2 < . . . < 
Cn- Then 

[w] = [a[u[ci][c2] . . . [cn]]d]. 
Moreover, the leading word of [w]u = [a[- ■ ■ [[[u][ci]][c2]] . . . [cn]]d] is exactly w, i.e., 

Hu = ^■ 

We still use the notion [w]u as the special bracketing of w relative to u in section 2. 

Let S C Liek[y](X) and Id{S) be the k[y]-ideal of L2ek[y](X) generated by S. Then 
any element of Id{S) is a k[y]-linear combination of polynomials of the following form: 

{u)s = [ci][c2] ■ ■ ■ [c„]s[(ii][(i2] ■ ■ ■ [dm], m,n>0 

with some placement of parentheses, where s E S and Ci,dj G ALSW{X). We call such 
{u)s an s-word (or S-word). 

Now, we define two special kinds of S-words. 

Definition 3.2 Let S C Liek[y](X) be a k-monic subset, a,b E X* and s E S. If 

asb G Ta, then by Lemma \3. 1\ we have the special bracketing [asb]s of asb relative to s. 
We define [asb]s = [asb]s\[s]^s to be a normal s-word (or normal S-word). 

Definition 3.3 Let S C Lzek[y](X) be a k-monic subset and s E S . We define the quasi- 
normal s-word, denoted by [u\s, where u = asb, a,b E X* (u is an associative S-word), 
inductively. 

(i) s is quasi-normal of s- length 1; 

(a) If \ u\s is quasi-normal with s-length k and [v] G NLSW{X) such that \v\ = I, then 

^ 

[v]lu\s when v > [-uj^ and \u\s[v] when v < \u\^ are quasi-normal of s-length 
k + l. 

From the definition of the quasi-normal s-word, we have the following lemma. 

Lemma 3.4 For any quasi-normal s-word \u\s = (asb), a,b E X*, we have \u\^ = asb E 
Ta- 

Remark: It is clear that for an s-word {u)s = [ci][c2] ■ ■ ■ [c„]s[(ii] [^2] ■ ■ ■ [dm], {u)s is quasi 
normal if and only if {u)s = C\C2 ■ ■ ■ Cr^dxd^ ■ ■ ■ dm- 

Now we give the definition of compositions. 
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Definition 3.5 Let f,g be two k-monic polynomials 0/ Liek[y](X). Denote the least 
common multiple of and in \Y] by L — lcm{p^,g^). 

If g^ is a subword of f-^ , i.e., = ag-^b for some a,b & X*, then the polynomial 



Ci{f,g)yj = -i/ - ^[agb]-g 



is called the inclusion composition of f and g with respect to w, where w = Lf^ — 
Lag^b. 

If a proper prefix of g^ is a proper suffix of f^, i.e., f^ = aao, g^ = a^b, a, b, gq 7^ 1, 
then the polynomial 

C2{f,g)u, = -wifb]/ - — [ag]g 
f^ 9 

is called the intersection composition of f and g with respect to w, where w — Lf^b — 
Lag^. 

If the greatest common divisor of f^ and g^ in \Y] is non-empty, then for any a,b,c & 
X* such that w — Laf-^bg-^c e Ta, the polynomial 

C3{f,g)^ = i^[afbg''c]j-^[afHgc], 

is called the external composition of f and g with respect to w. 

If f^ ^ 1, then for any normal f-word [afb]f, a,b E X*, the polynomial 

C4(/). = [a/^&][a/6]/ 
is called the multiplication composition of f with respect to w, where w — af-^bafb. 



Immediately, we have that Ci{—)w -< w, i e {1, 2, 3, 4}. 



Remcirks: 

1) When Y — 0, there is no external and multiphcation compositions. This is the case 
of Shirshov's compositions over a field. 

2) In the cases of Ci and C2, the corresponding w e by the property of ALSW's, 
but in the case oi C4, w ^ Ta- 

3) For any fixed f,g, there are finitely many compositions Ci{f,g)w, C2{f,g)w, but 
infinitely many Cs{f,g)yj, C4(/)^. 

Definition 3.6 Given a k-monic subset S C Liey_[Y]{X) and w G [Y]X* (not neces- 
sary in Ta), an element h G Lie^yjiX) is called trivial modulo {S,w), denoted by 
h = mod{S,w), if h can be presented as a k[Y]-linear combination of normal S -words 
with leading words less than w, i.e., h — ai/^JajSjftjJ^., where ai G k, G [Y], 
Qi, bi G X*, Si G S, and PiGiSibi -< w. 

In general, for p,q E Lie^Y]{X), we write p = q mod{S, w) if p — q = mod{S, w). 
S is a Grobner-Shirshov basis in Liek[y](X) if all the possible compositions of elements 
in S are trivial modulo S and corresponding w. 
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If a subset 5* of Lzek[y](X) is not a Grobner-Shirshov basis then one can add all nontriv- 
ial compositions of polynomials of S to S. Continuing this process repeatedly, we finally 
obtain a Grobner-Shirshov basis S^' that contains S. Such a process is called Shirshov 
algorithm. S"" is called Grobner-Shirshov complement of S. 

Lemma 3.7 Let f be a k-monic polynomial in Liek[y](X). // = 1 or f = gf where 
g G k[F] and f G Liek(X), then for any normal f-word [afb]f, a,b G X* , {u)j = 
[af^b][afb]j has a presentation: 

(u) f = [af^b] [afb]f = ^ [ui\ / 

where ai G k, /3j G [Y]. 

Proof. Case 1. = 1, i.e., / = By Lemma [3.11 and since -< is monomial, we have 
[afb] = [afb]f -Y.f5,v,^afb^i(^M]^ where G k, (3i E [Y], Vi G ALSW{X). Then 

{u)j = \afb\\afb\j =\afb\j\afb\j ^ ^ aip>i\afb\j\v^= ^ aip>i\afb\j\v^. 

The result follows since Vi -< afb and each [a/6]j[fi] is quasi-normal. 
Case 2. / = gf , i.e., /"^ = /'. Then we have 

{u)f= [af'b][afb]j = g{[af'b][af'b]j,). 

The result follows from Case 1. □ 

The following lemma plays a key role in this paper. 

Lemma 3.8 Let S be a k-monic subset of Lie^Y]{X) in which each multiplication com- 
position is trivial. Then for any quasi-normal s-word |_mJs = (asb) and w = asb = [u\s, 
where a,b E X* , we have 

lu\s = [asb]s mod{S,w). 
Proof. For w = s the lemma is clear. 

For w ^ s, since either \u\s = (asb) = [ai]{a2sb) or [u\s = (asb) = {asbi)[b2], there are 
two cases to consider. 
Let 

r _ / kil if (asb) = [ai]{a2sb), 

^(^^b) = I g.igngth of (asbi) if (asb) = (as6i)[62]. 

The proof will be proceeding by induction on {w,6(^asb)), where {w',m') < {w,m) w 
w' OT w = w', m' < m {w, w' G T4, m, m' G N). 

Case 1 [mJs = {asb) = [ai]{a2sb), where ai > a2S^b, a = aia2 and {a2sb) is quasi 
normal s-word. In this case, {w,6(^asb)) = {w, \ai\). 

Since w = asb = aia2sb >- 02 s6, by induction, we may assume that (02 s6) = [02^6]^ + 
Y,aiPi[ciSidi]s-^, where PiCiSidi -< a2sb, ai,a2,Ci,di G X*, Si E S, G k and /3j G [Y]. 
Thus, 

lu\s = (asb) = [ai][a2sb]s + ^ a^/3^[«l][c^■s^c^^]s-i• 
9 



Consider the term [ai][cjSj(ij]5-;. 

If ai > CiSi^di, then [ai][QSj(ij]s- is quasi normal s-word with aiCiSidi -< w. Note that 
PittiCiSidi -< w, then by induction, /3j[ai][cjSj(ij]s- = mod{S,w). 

If ai < CiSi^di, then [ai][ciSidi]s^ = -[ciSidi\s^[ai] and [ciSidi]s-,[ai] is quasi normal 
s-word with PiCiSidiai -< (3ia2sbai -< f3iaia2sb = w. 

If ai = CiSi^di, then there are two possibilities. For Si^ = 1, by Lemma 13.71 and by 
induction on w we have Af^n] [ci^jfijjs- = mod{S,w). For Si^ ^ 1, [ai] [cjSjfijjs- is the 
multiplication composition, then by assumption, it is trivial mod{S,w). 

This shows that in any case, Afc^ilfci-^iC^ilsi is a linear combination of normal s-words 
with leading words less than w, i.e., /3i[ai][cjSj(ij]s- = mod{S,w) for all i. 

Therefore, we may assume that [u\s = (asb) = [ai][a2sb]s and ai > > a2S^b. 

If either |ai| = 1 or [ai] = [[an] [012]] and au < a2S^b, then [u\s = [ai][a2sb]s is already 
a normal s-word, i.e., \u\s = [ai][a2sb]s = [aia2sb]s = [asb]s. 

If [ai] = [[an] [012]] and ai2 > a2S^b, then 

[u\s = [ai][a2sb]s = [[au][ai2]][a2sb]s = [an] [[012] [a2s6]s] + [[an][a2s6]5][ai2]. 

Let us consider the second summand [[aii][a2S&]s][ai2]. Then by induction on w and by 
noting that [an] [a2s6]5 is quasi normal, we may assume that [an] [a2s6]s = ^ aj/3j[cjSj(ij]s- , 
where PiCiSidi ^ ana2s6, Sj €5*, G k, /3j e [F], Cj,(ij G X* . Thus, 

[[an][a2s6]5][ai2] = y^^ai[ii[ciSidi]g\ai2], 

where an > ai2 > a2S^b, w = aiiai2a2sb. 

If ai2 < CiSi^di, then [ciSidi]s. [ai2] is quasi normal with w' = PiCiSidiai2 ^ /3jaiia2s6ai2 -< 
w. By induction, [3i[ciSidi\si[ai2] = mod{S,w). 

If ai2 > CiSi^di, then [ciSidils^iau] = -[ai2][ciSidi]s-^ and [ai2][ciSidi]s-^ is quasi normal 
with w' = /3iai2CiSidi ^ (3iai2aiia2sb -< w. Again we can apply the induction. 

If ai2 = CiSi^di, then as discussed above, it is either the case in Lemma 13.71 or the 
multiplication composition and each is trivial mod{S,w). 

These show that [[an] [a2s6]j] [ai2] = mod{S,w). 

Hence, 

[u\s = [an][[ai2][a2s6]5] mod(S,w). 

where an > ai2 > a2S^b. 

Noting that [an][[ai2][a2s6]5] is quasi-normal and now (tt^, 5[aii][[ai2][a2sfe],-]) = {w, |an|) < 
{w, |ai|), the result follows by induction. 

Case 2 [^tjs = (as6) = {asbi)[b2] where as-^bi > 62, b = 6162 and (asbi) is quasi 
normal s-word. In this case, (w,5(asfe)) = {w,m) where m is the s-length of (asbi). 

By induction on w, we may assume that 

[u\s = (asb) = [asbi]s[b2] + ^ a^A[c^■s^rf^]s^[&2]• 
where PiCiSidi -< asbi, Si G 5, G k, /3j G [Y], Ci,di G X*. 
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Consider the term f3i[ciSidi]-s-[b2] for each i. 

If 62 < CiSi^di, then [cjSj(ij]s-[62] is quasi normal s-word with l3iCiSld.;b2 -< w. 

If 62 > CiTi^di, then [ciSidi]s-[b2] = -[b2][ciSidi]s- and [b2][ciSidi]s- is quasi normal s-word 
with l3ib2CiSidi -< (3ib2asbi -< f3iasbib2 = w. 

If 62 = CiSi^di, then as above, by Lemma 13.71 and induction on w or by assumption, 
Pi[ciSidi]jT[b2] = mod{S,w). 

These show that for each i, /3i[ciSidi]s-[b2] = mod{S,w). 

Therefore, we may assume that [u\s = (asb) = [asbi]s[b2], a,b E X*, where b = 6162 
and as-^bi > 62- 

Noting that for [as6i]s = s or [asfeijj = [ai][a2s6i]s with a2S"^6i < ^2 or [as6i]s = 
[as6ii]s[6i2] with 612 < b2, \u\s is already normal. Now we consider the remained cases. 
Case 2.1 Let [as6i]j = [ai][a2'S6i]s with ai > aia2S^bi > a2S-^bi > 62- Then we have 

[u\s = [[ai][a2sbi]s][b2] = [[ai]N][a2s6i]5 + [ai][[a2s6i]s][62]]- 
We consider the term [[cti] [^2]] [fi2'5&i]s- 

By noting that ai > 62, we may assume that [ai][&2] = Xlu,^aife2 '^^t^J ^here ai G 
k, Ui G ALSW{X). We will prove that [Mi][a2s6i]s = mod{S,w). 

If Ui > a2S^bi, then [uj][a2s6i]s is quasi normal s-word with w' = Uia2sbi ^ 01620-2561 -< 
w = 010256162- 

If Ui < a2S^bi, then [Mj][a256i]5 = — [a256i]5[uj] and [a2s6i]5[nj] is quasi normal s-word 
with w' = a2sbiUi ^ 025610162 -< w, since aia2s6i is an ALSW. 

If Ui = a2S^bi, then as above, by Lemma 13.71 and induction on w or by assumption, 
[Mj][a256i]g = mod{S,w). 

This shows that 

[u\s = [ai][[a256i]g[62]] mod{S,w). 

By noting that ai > a2S^bi > 62, the result now follows from the Case 1. 
Case 2.2 Let [as6i]s = [cis6ii]s[6i2] with 05^^611 > 05^^611612 > 612 > 62, we have 

[u\s = [[as6ii],[6i2]][62] = [[as6ii],[62]][6i2] + [as6ii],[[6i2][62]]. 

Let us first deal with [[as6ii]5[62]][6i2]. Since 0561162 < as6ii6i2, we may apply induction 
on w and have that 

[[a56ii]^-[62]][6i2] = '^ai(3i[ciSidi]s-[bi2], 

where PiCi'sldi ^ 0561162, w = 0561161262. 

If 612 < CiJi^di, then [Cj5j(ii]3-[6i2] is quasi normal s-word with w' = f3iCi'Sidibi2 -< w. 

If 612 > CiSi^di, then [ciSidi]s-[bi2] = -[612] [ciSjc/j]^ and [bi2][ciSidi]s- is quasi normal 
s-word with w' = (3ibi2Ci'Sidi ^ f3ibi2asbnb2 -< 0561161262 = w. 

If 612 = CiSi^di, then as above, by Lemma 13^1 and induction on w or by assumption, 
f3i[ciSidi]s-[bi2] = mod{S,w). 

These show that 

[u\s = [05611] j[[6i2] [62]] mod{S,w). 
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Let [612] N = [&12&2] + E„. ^aife '^*[^*] ^-here ttj G k, G y4L5'W^(J^). By noting that 
as^bii > we have [as6ii]5['Uj] = mod{S,w) for any i. Therefore, 

lu\s = [asbn]s[bi2b2] mod{S,w). 

Noting that [asbu]s[bi2b2] is quasi-normal and now (w, 5[as6n],-[fei2fe2]) < , ^[asbrUb^]) , 
the result follows by induction. 

The proof is completed. □ 

Lemma 3.9 Let S be a k-monic subset of Lie^Y]{X) in which each multiplication com- 
position is trivial. Then the elements of the ]<.[Y]-ideal generated by S can be written as a 
k[Y]-linear combination of normal S -words. 

Proof. Note that for any h G Id{S), h can be presented by a k[y]-linear combination 
of S'-words of the form 

{u)s=[ci][c2]---[Ck]s[di][d2]---[di] (1) 

with some placement of parentheses, where s E S, Cj,dj G ALSW{X), k,l > 0. By 
Lemma 13.81 it suffices to prove that ([1]) is a linear combination of quasi-normal S'-words. 
We will prove the result by induction on -|- /. It is trivial when k + 1 = 0, i.e., {u)s = s. 
Suppose that the result holds foi k + I = n. Now let us consider 

{u)s = [c„+l]([Cl][c2] ■ ■ ■ [Cfc]s[rfi][(i2] ■ ■ • [dn-k]) = [Cn+l](^^)s- 

By inductive hypothesis, we may assume without loss of generality that {v)s is a quasi- 
normal s-word, i.e., {v)s = [v\s = (csd) where csd G TA,c,d G X*. If c„+i > cs-^d, 
then {u)s is quasi-normal. If c„+i < cs^d then {u)s = — [fjs[c„+i] where [fjs[c„+i] is 
quasi-normal. If Cn+i = cs^d then by Lemma [3751 {u)s = [cn+i]{csd) = [Cn+i][csd]s. Now 
the result follows from the multiplication composition and Lemma 13.71 □ 

Lemma 3.10 Let S be a k-monic subset of Lie]^[Y]{^) in which each multiplication com- 
position is trivial. Then for any quasi-normal S -word \_asb\s = [ai][a2] ■ ■ ■ [ofc] L'^Js[^i][^2] ■ ■ ■ 
with some placement of parentheses, the following three S -words are linear combinations 
of normal S-words with the leading words less than asb: 

(i) Wi = [asb\s\ia,]^ic] where c -< a,; 
(a) W2 = [asb\s\[b^]^[d] where d -< bj; 
(Hi) W3 = [asb\s\iv\,^iv'\, where [v'\^ -< [v\^. 

Proof. We first prove {Hi). For A; + / = 1, for example, [as6Js = L^Js[&i], it is easy to 
see that the result follows from Lemmas 13.91 and 13.71 since either [f'J<j[&i] or [fei][^^'Js is 
quasi-normal or W3 is the multiplication composition. Now the result follows by induction 
on + /. 

We now prove (z), and (ii) is similar. For + / = 1, [asfej^ = [ai][fjs and then 
Wi = [c][v\s. Then either [fjs[c] or [c][fjs is quasi-normal or Wi is equivalent to the 
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multiplication composition with respect to w = [v\^ [fj^. Again by Lemmas 13.91 and IXTf 
the result holds. For k + I > 2, it follows from (iii). □ 

Let Si,S2 G Liek[Y]{X) be two k-monic polynomials in Liek[y](X). If asfhs-^c G 
ALSW{X) for some a, 6, c G X*, then by Lemma 12.5^ there exits a bracketing way 

[asf"6sf c]gx such that [asihs-^ c\^x = asihs-^c. Denote 

Thus, the leading words of above three polynomials are asibs2C = s^as 
The following lemma is also essential in this paper. 

Lemma 3.11 Let S be a Grobner-Shirshov basis in Lzek[y](X). For any si, S2 G S, /32 G 

[Y],ai,a2,bi,b2 G X* such that w = f3iaiSibi = /32O2S2&2 G Ta, we have 

Pi[aiSibi]s-, = P2[a2S2b2]s2 mod{S,w). 

Proof. Let L be the least common multiple of sf and Then = Pis^ = ^2^^ = 
Lt for some t G [Y], = aisf^bi = a2S^&2 and 

/3i[aiSi6i]s, - /32[a2S2&2]s2 = t{^[aiSibi]si - 4^ [02^262] sa)- 

Si S2 

Consider the first case in which is a subword of 61, i.e., = ais^as^62 for some 
a G X* such that 61 = 05^62 and 02 = ais^a. Then 

/3i[aisibi]s^ - /32[a2S2&2]s2 

= t{—[aisias2b2]si - — [ctisf as262]s2) 

= tC3{si, S2)w', 

if L 7^ sfs|', where w' = Lw-^ . Since S" is a Grobner-Shirshov basis, 6*3(51,52) = 
mod{S, Lw^). The result follows from w = tLw^ = tw' . 

Suppose that L = sjsj. By noting that 4^[aiSias2fe2]si 52 ^[aiSias2&2]si §2 
quasi- normal, by Lemma 13.81 we have 

[aiSias2b2]si,s2 = snO'iSias^&2]si mod{S,w'), 
[aisias2b2]si,s2 = [aisf as2b2]s2 mod{S,w'). 
Thus, by Lemma [3.101 we have 

/3lKsi&l]si - /32[a2S2&2]s2 

= t{s2[aiSias2b2]si - [aisf as2&2]s2) 

= t((s^[aisias^62]si - [aiSias2&2]si,s2) + ([ai'5ias2&2]ii,52 - [aiSias2b2]si,s2) 
-([aiSias2&2]si,s2 - Ksias2&2]si,S2) " i^i [ai^i as2b2]s2 - [aiSias2&2]si,S2)) 

= [aisias^62]si - [aiSias2&2]si,s2) + Kl-^i - [si])as262]si,s2 

-[aiSia(s2 - [S2])fe2]si,s2 - (sf[aisf as2&2]s2 - [aiSias2&2]5i,s2)) 

= mod{S,w). 
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Second, if is a subword of sf, i.e., = as-^h for some a, 6 G X*, then [a2S2&2]s2 = 
[aias2&&i]s2- Let w' = Lsf. Thus, by noting that [ai[as2&]s2^i] is quasi-normal and by 
Lemmas 13.81 and I3.10[ 

(3i[aiSibi]s, - /32[a2S2&2]52 
= t{ — [aiSibi]s^ - —[aias2bbi]s2) 

Si S2 

= t{ — [aiSibi]s^ — —[aiSibi]si\si>-^[as2b]sJ — — ([aiaS2&&l]s2 — [«lSl&l]si U-^Iasafelsj) 



Si $2 

t[ai{-^si - —[as2b]-s^)bi] - —{\aias2bbi]-s^ - [a^ [as2b]sj)i]) 

'1 '^2 ^2 



= t[aiCi{si,S2)w'bi] - ■^{[aias2bbi]s2 - [ai[as26]52&i]) 
= mod{S, w). 

One more case is possible: A proper suffix of sf is a proper prefix of s^, i.e., sf = ab 
and S2 = be for some a,b,c E X* and 6 7^ 1. Then abc is an ALSW. Let w' = Lobe. Then 
by Lemmas 13.81 and I3.10[ we have 

/3i[aiSi6i]5i - /32[a2S2&2]s2 
= i( — [aisic62]si - — [aias2&2]s2) 

Si $2 

= t—{[aisicb2]si - [ai[sic]s^b2]) - t—{[aias2b2]s2 - [ai[as2]s2^2]) 

Si S2 
+t{[aiC2{Si,S2)u,'b2] 

= mod{S, w). 

The proof is completed. □ 

Theorem 3.12 (Composition-Diamond lemma for Liei^[Y]{X)) Let S C Liei^[Y]{X) 
be nonempty set of k-monic polynomials and Id{S) be the ]<.[Y]-ideal of Lie^yjiX) gen- 
erated by S . Then the following statements are equivalent. 

(i) S is a Grobner-Shirshov basis in Liek[y](X). 

(a) f G Id{S) ^ f = fiasb G T4 for some s e S, /? G [F] and a,b e X*. 

(Hi) Irr{S) = {[u] \ [u] G T/v, u 7^ f3asb, for any s G S, /3 G [Y], a,b G X*} is a k-basis 
for Liek[Y]{X\S) = LiekiY]{X)/Id{S). 

Proof, (z) =^ (a). Let be a Grobner-Shirshov basis and 7^ / G Id{S). Then by 
Lemma ES] / has an expression / = where G k, /3j G [Y], ai,bi G 

X*, Si G 5*. Denote by Wi = f3i[aiSibi]-_, i = 1,2,.... Then Wi = PiaiSibi. We may 
assume without loss of generality that 

Wi = W2 = ■ ■ ■ = Wi)~ Wi+i y Wi+2 h ■ ■■ 

for some / > 1. 
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The claim of the theorem is obvious if / = 1. 

Now suppose that / > 1. Then f3iaiSibi = wi = W2 = [52<i2S2h2- By Lemma 13. 11[ 

aiPi[aiSihi]s-^ + 02/32 [a2S2&2]i-2 
= (ai + a2)l3i[aisihi]s-^ + a2(/32[a2S2&2]i-2 - /3i[aiSi6i]i-J 
= (ai + a2)/3i[aisi6i]s-j mod{S,wi). 

Therefore, if ai + 0:2 7^ or / > 2, then the result follows from the induction on /. For 
the case ai + 0:2 = and / = 2, we use the induction on wi. Now the result follows. 

(ii) =^ [in). For any / G Lie^Y]{X), we have 

where ai^a'^ G k, /3j G [F], [uj] G Irr{S) and Si G S. Therefore, the set Irr{S) generates 
the algebra Liek[y](X)//(i(S'). 

On the other hand, suppose that h = J2 Ciil'^i] = in Liek[y](X)//d(S'), where ctj G k, 
[ui] G Irr{S). This means that h G Id{S). Then all must be equal to zero. Otherwise, 
h = Uj for some j which contradicts (ii). 

(iii) =^ (i). For any f,g G S, we have 

Ct(/,5')i«= ai/3i[aiSibi]s-, + ^ "iK]- 

For r = 1,2,3,4, since Cr{f,g)w ^ Id{S) and by (ni), we have 

pi [aiSibi\-^'<w 

Therefore, 5* is a Grobner-Shirshov basis. □ 

4 Applications 

In this section, all algebras (Lie or associative) are understood to be taken over an associa- 
tive and commutative k-algebra K with identity and all associative algebras are assumed 
to have identity. 

Let C be an arbitrary Lie i^'-algebra which is presented by generators X and defining 
relations S, C = LieK{X\S). Let K have a presentation by generators Y and defining 
relations R, K = ]<.[Y\R]. Let >~y and >~x be deg-lex orderings on [Y] and X* respectively. 
Let RX = {rx\r G -R, x G X}. Then as k[y]-algebras, 

C = Lie^Y\R]{X\S) ^ Lie^Y]{X\S,RX). 

As we know, the Poincare-Birkhoff-Witt theorem cannot be generalized to Lie algebras 
over an arbitrary ring (see, for example, |3I])- This implies that not any Lie algebra over 
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a commutative algebra has a faithful representation in an associative algebra over the 
same commutative algebra. Following P.M. Cohn (see pi]), a Lie algebra with the PBW 
property is said to be "special". The first non-special example was given by A.I. Shirshov 
in [l5] (see also [50j), and he also suggested that if no nonzero element of K annihilates 
an absolute zero-divisor, then a faithful representation always exits. Another classical 
non-special example was given by P. Cartier \^f2\- In the same paper, he proved that each 
Lie algebra over Dedekind domain is special. In both examples the Lie algebras are taken 
over commutative algebras over GF{2). Shirshov and Cartier used ad hoc methods to 
prove that some elements of corresponding Lie algebras are not zero though they are zero 
in the universal enveloping algebras. P.M. Cohn [28] proved that any Lie algebra over i^K, 
where char{k.) = 0, is special. Also he claimed that he gave an example of non-special 
Lie algebra over a truncated polynomial algebra over a filed of characteristic p > 0. But 
he did not give a proof. 

Here we find Grobner- Shirshov bases of Shirshov's and Cartier's Lie algebras and then 
use Theorem 13. 121 to get the results and we give proof for P.M. Cohn's example of char- 
acteristics 2, 3 and 5. For p > 5 it remains an open problem. 

Note that if £ = Lzex(X|5'), then the universal enveloping algebra of C is Uk{C) = 
K{X\S^~^) where 5*^"^ is just 5* but substitute all [u,v] by uv — vu. 

Example 4.1 (Shirshov g3[ Let the field k = ^^(2) and K = k[Y\R], where 

Y = {y„t = 0,1,2,3}, R={y,y,=y, (z = 0, 1,2,3), y.y, = it,J^O)}. 
Let C = LieK{X\Si, S2), where X = {xi, I <i < 13}, 5*1 consists of the following relations 

[x2,xi] = xn, [x3,xi] = xis, [x3,X2] = a;i2, 

[X5,X3] = [X6,X2] = [Xs,Xi] = Xio, 

[xi, Xj] = {for any other i > j), 
and S2 consists of the following relations 
yoXi = Xi (2 = 1,2, ... , 13), 

X4 = yixi, X5 = y2Xi, X5 = yiX2, xe = y^xi, xq = yiX3, 

X7 = y2X2, Xs = y3X2, Xs = y2X3, Xg = 2/3X3, 

y3Xn = xio, 1/1X12 = xio, y2Xi3 = xio, 

yiXk = (A; = 4, 5, . . . , 11, 13), y2Xt = (t = 4, 5, . . . , 12), y3Xi = (/ = 4, 5, . . . , 10, 12, 13). 
Then C is not special. 

Proof. C = LieK{X\Si,S2) = Liek[Y]{X\Si, S2, RX). We order Y and X by yi > 
yj if i > j and Xi > Xj if i > j respectively. It is easy to see that for the ordering >- 
on [Y]X* as before, 5 = 6*1 U 6*2 U RX U {2/1X2 = y2Xi, 2/1X3 = y3Xi, y2X3 = 2/3X2} is a 
Grobner-Shirshov basis in Lzek[y](X). Since Xio G Irr{S) and Irr{S) is a k-basis of C by 
Theorem 13.121 xio 7^ in £. 

On the other hand, the universal enveloping algebra of C has a presentation: 
UKiC) = K{X\S[-\S2)=k[Y]{X\S[-\S2,RX), 
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where Si is just 5*1 but substitute all [uv] by uv — vu. 

But the Grobner-Shirshov complement (see Mikhalev-Zolotyh [H]) of ■* U 5*2 U RX 
in k[F](X) is 

= S['^ U 5*2 U RX U {yiX2 = y2Xi, yiXs = 1/3X1, y2X3 = 7/3X2, xio = 0}. 

Thus, C is not special. □ 

Example 4.2 (Cartier [2^]) Let k = 6*^(2), = k[?/i, 7/2, Z/slz/? = 0, i = 1,2,3] anc? 
C = LieK{X\S) , where X = {xij, I < i < j < 3} and 

S = {[xii,Xjj] = Xji {i > j), [xij,Xki] = (others), 1/3X33 = y2X22 + yiXn}. 

Then C is not special. 

Proof. Let Y = {yi, 1/2, Z/a}- Then 

C = LieK{X\S) = Lie^Y]{X\S,y^Xki = (Vz, A;,/)). 

Let yi > yj ii i > j and Xij > Xki if {hi) >iex {k,l) respectively. It is easy to see 
that for the ordering >- on [F]X* as before, S' = S U {yfx^i = (Vi,/c,Z)} U 6*1 is a 
Grobner-Shirshov basis in Liek[y](X), where 5*1 consists of the following relations 

y?.x2-i = yixi2, y?,xn = ^23^12, y2X23 = Vixn, ymx22 = yavixu, 
ysvixu = 0, y3y2Xi2 = 0, y-myixu = 0, y2yixi3 = 0. 

The universal enveloping algebra of C has a presentation: 

UKiC) = K{X\S^-^) = k[Y]{X\S^-\y^Xki = (V^,^,/)). 

In UxiC), we have (cf. [22]) 

= ylxl^ = (2/2X22 + yixii)"^ = ylxl^ + ylxl^ + 2/22/1 [3:22, xu] = y2yixi2. 

On the other hand, since 2/22/12:12 G Irr{S'), y2yiXi2 7^ in £. Thus, C is not special. 
□ 

Conjecture 4.3 (Cohn f2^) Let K = k[2/i, 2/2, 2/3|?/f = 0, z = 1,2,3] he an algebra of 
truncated polynomials over a field k of characteristic p > 0. Let 

Cp = Liexixi, X2,X3 \ 2/32:3 = 2/2X2 + yiXi). 

Then Cp is not special. 

Remark (see [28]). In U{Cp) we have 

= (2/3X3)^ = (2/2X2)*' + Ap(2/2X2, 2/1X1) + (2/1X1)^ = Ap(2/2X2, 2/1X1), 

where Ap is a Jacobson-Zassenhaus Lie polynomial. P.M. Cohn conjectured that Ap(2/2X2, 2/iXi) 
in £„. 
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Theorem 4.4 Cohn's Lie algebras £2, £3 o.nd £5 are not special. 

Proof. Let Y = {z/i, ?/2, ya}, X = {xi,X2,Xi} and S = {y^x^ = y2X2 + yfx^- = 

0, 1 < i,3 < 3}. Then Cp ^ Liek[y](X|5) and f//^(£p) = k[F](X|5). Suppose that is 
the Grobner-Shirshov complement of S in Liek[y](X). Let 5*^^ C Lp be the set of all the 
elements of S"" whose X-degrees do not exceed p. 

First, we consider p = 2 and prove the element A2 = [y2X2,yiXi] = y2yi[x2Xi\ 7^ in 
C2. 

Then by Shirshov's algorithm we have that 5'x2 consists of the following relations 

Z/sa^s = y2X2 + yixi, y^Xj = (l <i,j < 3), 1/31/23:2 = yaViXi, y3y2yiXi = 0, 
y2[x3X2] = yi[x3Xi], y3yi[x2Xi] = 0, y2yi[x3Xi] = 0. 

Thus, A2 is in the k-basis Irr{S^) of C2. 
Now, by the above remark, C2 is not special. 

Second, we consider p — 2) and prove the element A3 = y2yi[x2X2X\\ + y2yi[x2XiX]\ ^ 
in £3. 

Then again by Shirshov's algorithm, Sx^ consists of the following relations 

y3X3 = y2X2 + yixi, yfxj = (1 < j < 3), yly2X2 = ylyixu yhhixi = 0, 
y2[x3X2] = -yi[x3Xi], ylyi[x2Xi] = 0, yjyilxsxi] = 0, 

y3yl[x2X2Xi] = y3y2yi[x2XiXi], y3ylyi[x2XiXi] = 0, y3y2yi[x2X2Xi] = y3yl[x2XiXi]. 

Thus, y2yi[x2X2Xi],y2yi[x2XiXi] G Irr{S'^), which implies A3 7^ in £3. 

Third, let p = 5. Again by Shirshov's algorithm, Sx^ consists of the following relations 

1) y3X3 = y2X2 + yixi, 

2) y^xj = 0, l<i,j <3, 

3) ^3^22^2 = -ytyixi, 

4) ytyhixi = 0; 

5) 2/2 [2^32^2] = -yiixsxi], 
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6) ytyi[x2Xi] = 0, 




' ) 


y2yiF3"';iJ — u, 




°) 


1/34/2 F2"';2-tiJ — y3y2yi[a'2a'ia;ij, 




•d) 


y3i/2i/lF2-^l't'lJ — U, 










11) 


?yi [xqXoXqXi 1 = 




1 9"! 


1 1 nf* nf* nf* nf* 1 1 

yi[XzXiX2Xi\ — u, 






yi[X3X2X2Xi\ — yi[X3X2XlX2\, 




14) 


V'}\x^iX^Xr>X^] — 0, 




15) 


y3y2N2;2a;2a;i] = '2ylyhi[x2X2XiXi\ - yiy2yl[x2XiXiXi\, 




16) 


yty2yi[x2Xixixixi\ = o, 




17) 


ylylyi[x2X2X2Xi\ = 2yly2yl[x2X2XiXi\ - yly f[x2XiXiXi\, 




18) 


ylytyi[x2Xixixixi] = o, 




19) 


l/3l/2l/ik2a;2a;ia;i] = -ylyiyl[x2XiXiXi\; 
2 




20) 


?/n?/? [ttToTi ToTi 1 = 




91 


1/34/24/1 F2-il-i2-il-ilJ — U, 




99^1 

> 


Z^"? f'T*^ 'T*^ 'T*^ 'T*^ 'T*-, 1 

ysi/l F2'tl't2'tl-^lJ — u, 






^3^/2 ['^2'^1'^2'^1'^lJ — 






y3y2yll.'^2'^2'^l'^2'^lj — i/3y2i/i ['^2'^l'^2-f'l'^lj5 






2 2 r 1 2 S r i 
4/34/21/1 F2-t'2-t'lJ'2J'lJ — 4/34/1 |.J'2J'lJ'2J'lJ'lJ; 




26) 


?/??/^^?/? fTo7" 1 To Ti Ti 1 = 

4/34'24'l L 2'^1'^2'^1''^1J ^) 




97"! 


2/3l/2F22^22^22^22^lJ — <Jl/3l/2l/l F22^22^23^l3;iJ I/3I/2I/I F22^22^l2^22^lJ 


3?/Q?/o?/?f7;o7ToTi Ti Ti 1 
'-'4/o4/2i'l L'^2'''2'*'1'*'1'*'1J 




—2y^xvi'^^\X'lX^X'lX\X^ \ + V^^V'Y^'^\x1X^X^X^X^\ 




28) 


l/3l/2l/iN2^22^2a;2a;i] = 3?/3|/2l/i[a;2a^2a;2a^ia:i] - l/3l/2l/i[^2a:;22;i2;22;i] 


— 3-U3y2'yf [x2X2XiXiXi 




-2y3y2y?[a^2a^ia;2a;ia:i] + 1/3!/? [■3^22:1X1X1X1], 




29) 


2/32/2yi[^2XiXiXiXi] = 0, 




30) 


?/3?/2?/l [^2X1X1X1X1] = 0, 




31) 


2/32/21/1 [2^2X2X1X1X1] = - -2/32/22/1 [2^2X1X2X1X1] + -2/32/21/1 [2^2X1X1X1X1], 


32) 


2/32/21/1 [2^2X2X2X1X1] = -2/32/2I/1 [2^2X2X1X2X1] + 2/32/2I/1 [2^2X2X1X1X1 





+ 01/31/21/1 [2^2X1X2X1X1] - -2/32/21/1 [2^2X1X1X1X1], 



33) 2/2 1/1 [2^3X3X1X3X1] = 0, 

34) 2/2I/1 [2^3X1X3X1X1] = 0, 

35) 2/I2/22/? [2^2X1X1X1X1] = 0, 

2 2 

36) yl^a^i [2^2X2X1X1X1] = -gylya^i [2^2X1X2X1X1] + -ylya^i [2^2X1X1X1X1]. 

Thus, A5 (2/2X2, 2/1X1) = 2/2I/1 [2^2X2X2X2X1] e /rr(5"^), which imphes A5 7^ in £5. □ 
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Now we give some examples which are special Lie algebras. 

Lemma 4.5 Suppose that f and g are two polynomials in Lie^Y]{X) such that f is 
]<.[Y]-monic and g = rx, where r G k[y] and x & X , is k-monic. Then each inclusion 
composition of f and g is trivial modulo {/} U rX . 

Proof. Suppose that / = [axb] for some a, 6 G X*, f = f + f and g = fx + r'x. Then 
w = faxb and 

Ci{f,g)uj = ff - [a[rx]b]r^ 
— fj' _ f'\axh\ 
= rf-r'f 

= mod{{f}UrX,w). □ 

Theorem 4.6 For an arbitrary commutative k-algebra K = ]<.[Y\R], if S is a Grobner- 
Shirshov basis in Liek[y](X) such that for any s & S , s is \<.[Y]-monic, then C = 
LieK{X\S) is special. 

Proof. Assume without loss of generality that i? is a Grobner-Shirshov basis in k[y]. 
Then C = Liek[Y]{X\S, RX). By Lemma I4.5[ S U RX is a Grobner-Shirshov basis in 
Liek[Y]{X). 

On the other hand, in f/x(£) = k[Y]{X\S^-\ RX), ^(-) U i?X is a Gr5bner-Shirshov 
basis in k[y](X) in the sense of the paper [¥T] . 

Thus for any u G Irr{SURX) in Liei,[Y]{X), we have u G Irr{S'^-^ U RX) in k[Y]{X). 
This completes the proof. □ 

Corollary 4.7 Any Lie K-algebra Lk = LieK{X\f) with one monic defining relation 
f = is special. 

Proof. Let K = k[Y\R\, where i? is a in k[Y]. We can regard / as a k[y]-monic element in 
Lie\^[Y]{X). Note that any subset of Liek[y](X) consisting of a single k[y]-monic element 
is a Grobner-Shirshov basis. Thus by Theorem 14. 6[ L = LieK{X\f) = Lzek[y](X|/, _RX) 
is special. □ 

Corollary 4.8 (JBi ISB^ ) If is a free K -module, then is special. 

Proof. Let X = {xi, i G /} be a iiT-basis of Lk and = "^aljXi, where a\j G K 

and i,j G /. Then L^ = LieKiX\[xi,Xj] — "^aljXi, i > j, i,j G /). Suppose that 
K = [Y\R], where i? is a Grobner-Shirshov basis in k[y]. Since S = {[xi, Xj]—Y^ c^ij^i, i > 
j, i,j G /} is a k[y]-monic Grobner-Shirshov basis in Lie^YjiX), by Theorem 14. 6[ Lk = 
LicK (X 1 5) ^ LickiY] (X \S,RX) is special. □ 
Now we give other applications. 

Theorem 4.9 Suppose that S is a finite homogeneous subset o/Liek(X). Then the word 
problem of LieK{X\S) is solvable for any finitely generated commutative k-algebra K. 



20 



Proof. Let S'" be the Grobner-Shirshov complement of 5* in Liek{X). Clearly, 5**" consists 
of homogeneous elements in Liek(X) since the compositions of homogeneous elements are 
homogeneous. Since K is finitely generated commutative k-algebra, we may assume that 
K = k[y|i?] with R a finite Grobner-Shirshov basis in k[y]. By Lemma [4.5[ S'" U RX 
is a Grobner-Shirshov basis in Liek[y](X). For a given / G LiexiX), it is obvious that 
after a finite number of steps one can write down all the elements of S'" whose X-degrees 
do not exceed the degree of f^. Denote the set of such elements by Sjx. Then Sfx is a 
finite set. By Theorem 13. 12[ the result follows. □ 

Theorem 4.10 Every finitely or countahly generated Lie K-algebra can be embedded into 
a two-generated Lie K-algebra, where K is an arbitrary commutative k-algebra. 

Proof. Let K = \<.[Y\R] and C = LieK{X\S) where X = {xi,i G /} and J is a subset 
of the set of nature numbers. Without loss of generality, we may assume that with the 
ordering >- on as before, S U RX is a Grobner-Shirshov basis in Lzek[y](X). 

Consider the algebra C = Lie^y] {X, cl-, where 5" = 5* U RX U R{a, &} U { [aalfah] — 
Xi,i G /}. 

Clearly, C is a Lie i^-algebra generated by a, b. Thus, in order to prove the theorem, by 
using our Theorem 13. 12[ it suffices to show that with the ordering >- on U {a, b})* 

as before, where a >~ b y Xi, Xi E X, S' is a Grobner-Shirshov basis in Liek[y](X, a, b). 

It is clear that all the possible compositions of multiplication, intersection and inclusion 
are trivial. We only check the external compositions of some / G 5* and ra G Ra: Let 
w = Luif-^U2au^ where L = L{f^,f) and Uif-^U2au^ G ALSW{X,a,b). Then 

= 77[Ml/M2aM3]/- -[Ml/^M2(ra)M3] 

Jl ^ 

= (ty [^i/^aa^is]/ - r—[uif^U2au3]fx) - {-[uif^U2{ra)u3] - r-[uif^U2au3]fx) 
Jl r r r 

= i[uiiy^f )u2a'U3]f - [ui{r—f^)u2au3\fx) - r—{[uif^U2au3\ - [uif^U2au3\fx) 

r r 

= [uiC3{f,rx)w'U2au3] mod{S',w) 

for some x occurring in and w' = Lf^ . Since S U RX is a Grobner-Shirshov basis in 
Liek[Y]{X), Cz{f,rx)wi = mod{SURX,w'). Thus bv Lemma [3.10[ [uiC3{f ,rx)wiU2aU'i\ = 
mod{S',w). □ 
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Abstract: In this paper we establish a Grobner-Shirshov bases theory for Lie algebras 
over commutative rings. As applications we give some new examples of special Lie algebras 
(those embeddable in associative algebras over the same ring) and non-special Lie algebras 
(following a suggestion of P.M. Cohn (1963) f28]). In particular, Cohn's Lie algebras over 
the characteristic p are non-special when p = 2, 3, 5. We present an algorithm that one 
can check for any p, whether Cohn's Lie algebras is non-special. Also we prove that any 
finitely or countably generated Lie algebra is embeddable in a two-generated Lie algebra. 
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1 Introduction 

Grobner bases and Grobner-Shirshov bases were invented independently by A.I. Shirshov 
[m [50] for ideals of free (commutative, ant i- commutative) non-associative algebras, free 
Lie algebras [ISl ED] and implicitly free associative algebras |1SI EO] (see also [21 IS]), by 
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H. Hironaka |33] for ideals of the power series algebras (both formal and convergent), and 
by B. Buchberger [19] for ideals of the polynomial algebras. 

The Shirshov's Composition-Diamond lemma and Buchberger's theorem is the corner 
stone of the theories. This proposition says that in appropriate free algebra A]^{X) over a 
field k with a free generating set X and a fixed monomial ordering, the following conditions 
on a subset S of Ak(X) are equivalent: 

(i) Any composition (s-polynomial) of poljTiomials from 5* is trivial; 

(ii) If / G Id{S), then the maximal monomial / contains some maximal monomial s, 
where s G 5 (for Lie algebra case, / means the maximal associative word of Lie 
polynomial /); 

(iii) The set Irr{S) of all (non-associative in general) words in X, which do not contain 
any maximal word s, s G 5, is a linear /c-basis of the algebra A{X\S) = A{X) / Id{S) 
with generators X and defining relations S (for Lie algebra case, Irr{S) is the set 
of Lyndon-Shirshov Lie words whose associative supports do not contain maximal 
associative words of polynomials from S). 

S is called a Grobner-Shirshov basis of the ideal Id{S) of Ak{X) generated by S if one 
of the conditions (i)-(iii) holds. 

Grobner bases and Grobner-Shirshov bases theories have been proved to be very useful 
in different branches of mathematics, including commutative algebra and combinatorial 
algebra, see, for example, the books [H [IHl [20l EH [291 [30] , the papers [21 [1 [5], and the 
surveys [3 [13 [ISl [IT] . 

Up to now, different versions of Composition-Diamond lemma are known for the fol- 
lowing classes of algebras apart those mentioned above: (color) Lie super- algebras ( [38l 
[39l [lO]). Lie p-algebras |39j, associative conformal algebras [11], modules [Ml [26] (see 
also [23], right-symmetric algebras [TT], dialgebras [H], associative algebras with multiple 
operators [13j, Rota-Baxter algebras [TU], and so on. 

It is well-known Shirshov's result [^ [50] that every finitely or countably generated 
Lie algebra over a field k can be embedded into a two-generated Lie algebra over k. 
Actually, from the technical point of view, it was a beginning of the Grobner-Shirshov 
bases theory for Lie algebras (and associative algebras as well). Another proof of the 
result using explicitly Grobner-Shirshov bases theory is refereed to L.A. Bokut, Yuqun 
Chen and Qiuhui Mo [12j. 

A. A. Mikhalev and A. A. Zolotykh [41j prove the Composition-Diamond lemma for a 
tensor product of a free algebra and a polynomial algebra, i.e., they establish Grobner- 
Shirshov bases theory for associative algebras over a commutative algebra. L.A. Bokut, 
Yuqun Chen and Yongshan Chen [S] prove the Composition-Diamond lemma for a tensor 
product of two free algebras. Yuqun Chen, Jing Li and Mingjun Zeng [2S] prove the 
Composition-Diamond lemma for a tensor product of a non-associative algebra and a 
polynomial algebra. 

In this paper, we establish the Composition-Diamond lemma for Lie algebras over a 
polynomial algebra, i.e., for "double free" Lie algebras. It provides a Grobner-Shirshov 
bases theory for Lie algebras over a commutative algebra. 
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Let k be a field, K a commutative associative k-algebra with identity, and C a Lie K- 
algebra. Let LiexiX) be the free Lie i^-algebra generated by a set X. Then, of course, 
£ can be presented as i^-algebra by generators X and some defining relations S, 

C = LieK{X\S) = LteK{X)/Id{S). 

In order to define a Grobner-Shirshov basis for C, we first present i^' in a form 

K = k[Y\R] = k[Y]/Id{R), 

where k[y] is a polynomial algebra over the field k, i? C k[Y]. Then the Lie i^'-algebra 
C has the following presentation ClS db k[y] -algebra 

C = Lie^Y]{^\S, Rx, X E X) 

(cf. E.S. Chibrikov [26], see also [21]). 

Now by definition, a Grobner-Shirshov basis for C = LieK{X\S) is Grobner-Shirshov 
basis (in the sense of the present paper) of the ideal Id{S, Rx, x G X) in the "double 
free" Lie algebra Lie^yii^)- 

As an application of our Composition-Diamond lemma (Theorem 13.121) . a Grobner- 
Shirshov basis of C gives rise to a linear basis of £ as a k-algebra. 

We give applications of Grobner-Shirshov bases theory for Lie algebras over a commu- 
tative algebra K (over a field k) to the Poincare-Birkhoff-Witt theorem. Recent survey 
on PBW theorem see in P.-P. Grivel [21] • A Lie algebra over a commutative ring is called 
special if it is embeddable into an (universal enveloping) associative algebra. Otherwise 
it is called non-special. There are known classical examples by A.I. Shirshov [55] and P. 
Cartier [22] of Lie algebras over commutative algebras over GF{2) that are not embed- 
dable into associative algebras. Shirshov and Cartier used ad hoc methods to prove that 
some elements of corresponding Lie algebras are not zero though they are zero in the 
universal enveloping algebras, i.e., they proved non-speciality of the examples. Here we 
find Grobner-Shirshov bases of these Lie algebras and then use our Composition-Diamond 
lemma to get the result, i.e., we give a new conceptual proof. 

P.M. Cohn [28] gave the following examples of Lie algebras 

Cp = Liexixi, X2, xsli/sxs = 1/2X2 + yiXi) 

over truncated polynomial algebras 

K = k[yi,y2,y3\yf = 0, 1 < i < 3], 

where k is a filed of characteristic p > 0. He conjectured that Cp is non-special Lie algebra 
for any p. Cp is called the Cohn's Lie algebra. Using our Composition-Diamond lemma 
we have proved that C2, £3 and £5 are non-special Lie algebras. We present an algorithm 
that one can check for any p, whether Cohn's Lie algebras is non-special. 

We give new class of special Lie algebras in terms of defining relations (Theorem 14. 6p . 
For example, any one relator Lie algebra LieK{X\f) with a k[y]-monic relation / over 
a commutative algebra K is special (Corollary 14.71) . It gives an extension of the list of 
known special Lie algebras (ones with valid PBW Theorems) (see P.-P. Grivel [31]). Let 
us give this list: 
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1. £ is a free fsT-module (G. Birkhoff [3], E. Witt ^53]), 

2. K is a principal ideal domain (M. Lazard [551 ES]), 

3. i^' is a Dedekind domain (P. Cartier 

4. K is over a field k of characteristic (P.M. Colin |2B]), 

5. £ is i^'- module without torsion (P.M. Cohn [28J), 

6. 2 is invertible in K and for any x,y,z G £, = (Y. Nouaze and P. Revoy 

p. Higgins [32j unified the cases 1-3 and gave homological invariants of special Lie 
algebras inspired by results of R. Baer, see also P. Revoy [H]. 

As a last application we prove that every finitely or countably generated Lie algebra 
over an arbitrary commutative algebra K can be embedded into a two-generated Lie 
algebra over K. 

We thank Yu Li and Jiapeng Huang for some comments. 

2 Preliminaries 

We start with some concepts and results from the literature concerning with the Grobner- 
Shirshov bases theory of a free Lie algebra Lie\^{X) generated by X over a field k. 

Let X = {xi\i G /} be a well-ordered set with Xi > Xj if i > j for any i,j G /. Let X* 
be the free monoid generated by X. For G X*, let the length of u be m, 

denoted by \u\ = m. 

We use two linear orderings on X*: 

(i) {lex ordering) 1 > t if t 7^ 1 and, by induction, ii u = Xiu' and v = Xjv' then u > v 
if and only if Xi > Xj or Xi = Xj and u' > v'; 

(ii) (deg-iex ordering) -u :^ f if |m| > |t>|, or \u\ = \v\ and u > v. 

We regard Lie^^X) as the Lie subalgebra of the free associative algebra k(X), which 
is generated by X under the Lie bracket [u,v] = uv — vu. Given / G k(X), denote by / 
the leading word of / with respect to the deg-lex ordering; / is monic if the coefficient of 
/ is 1. 

Definition 2.1 w G X* \ {1} is an associative Lyndon-Shirshov word (ALSW 

for short) if 

{Wu, V G X*, u, V 1) w = uv ^ w > vu. 

We denote the set of all ALSW's on X by ALSW{X). 

We cite some useful properties of ALSW's ([371 SH], see also, for example, [H [161 [HI 

mmmy- 

(I) if w G ALSW{X) then an arbitrary proper prefix of w cannot be a suffix of w; 

(II) if w = uv G ALSW{X), where u,v 1 then u > w > v; 
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(III) ifu,ve ALSW{X) andu>v then uv e ALSW{X); 

(IV) an arbitrary associative word w can be uniquely represented as w = C1C2 • . . c„, 
where Ci, . . . , c„ G ALSW{X) and Ci < C2 < . . . < c„; 

(V) if u' = U1U2 and u" = U2U3 are ALSW's then u = U1U2U3 is also an ALSW; 

(VI) if an associative word w is represented as in (IV) and v is an associative Lyndon- 
Shirshov subword of w, then t> is a subword of one of the words ci, C2,. . .,Cn; 

(VII) if an ALSW w = uv and v is its longest proper ALSW, then u is an ALSW as 
well. 

Definition 2.2 (l2^ \4^) A non-associative word (u) in X is a non- associative Lyndon- 
Shir shov word (NLSW for short), denoted by [u], if 

(i) u is an ALSW; 

(a) if[u] = [{ui){u2)] then both {ui) and (^2) are NLSW's (from (1) it then follows that 
Ui > U2); 

(iii) if [u] = [[[uii][ui2]][u2]] then U12 < U2. 

We denote the set of all NLSW's on X by NLSW{X). 

In fact, NLSW's may be defined as Hall-Shirshov words relative to lex ordering (for 
definition of Hall-Shirshov words see [19], also |52]). 

By |37l Sni |50] , for an ALSW w, there is a unique bracketing [w] such that [w] is NLSW: 
[w] = m; if |w| = 1 and [w] = [[u][v]] if \w\ > 1, where v is the longest proper associative 
Lyndon- Shirshov end of w and by (VII) u is an ALSW. Then by induction on \w\, we 
have [w]. 

It is well-known that the set NLSW{X) forms a linear basis of Lzek(X), see [37 t H6 | [50]. 

Considering any NLSW [w] as a polynomial in k(X), we have [w] = w (see [IS 150]). 
This implies that if / G Liek{X) C k{X) then / is an ALSW. 

Lemma 2.3 (Shirshov \5^) Suppose that w = aub, where w,u G ALSW{X) . Then 

[w] = [a[uc]d], 

where b = cd and possibly c = 1. Represent c in the form 



C — C\C2 . . . c. 



where Ci, . . . , c„ G ALSW{X) and Ci < C2 < . . 
we obtain the word \w\u = [a[. . . [[[u][ci]][c2]] ■ . . 
of w relative to u. We have 

R = 



. <Cn. Replacing [uc] by[... [[u][ci]] . . . [c„]] 
[c„]](i] which is called the special bracketing 

w. 



Lemma 2.4 ( Chibrikov 127]) Let w = aub be as in Lemma \2.3[ Then[uc] = [m[ci][c2] . . . [c„]], 
that is 

[w] = [a[. . . [u[ci]] . . . [cn]]d]. 
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Lemma 2.5 ( fT8[ \^ ) Suppose that w = aubvc, where w,u,v G ALSW{X) . Then there 
is some bracketing 

[w]u,v = [a[u]b[v]d] 



in the word w such that 



More precisely, 



\W\u' 



[a[up]uq[vs]J] if[w] = [a[up]q[vs]l], 

[a[u[ci] ■ ■ ■ [ct]v ■ ■ ■ [cn]]uP] if [w] = [a[u[ci] ■ ■ ■ [q] ■ ■ ■ [cn]]p] with V a subword of Ct- 



3 Composition-Diamond lemma for Lie^Y]{^) 

Let Y = {Vjlj G J} be a well-ordered set and [Y] = {yjiyj2 ' ' ' yjilVji < 1/^2 — ' ' ' — 
Vji,^ > 0} the free commutative monoid generated by Y. Then [Y] is a k-linear basis of 
the polynomial algebra k[y]. 

Let the set X be a well-ordered set, and let the lex ordering < and the deg-lex ordering 
-<x on X* be defined as before. 

Let Liek[y](X) be the "double" free Lie algebra, i.e., the free Lie algebra over the 
polynomial algebra k[y] with generating set X. 

From now on we regard Lie^^Y] (^) — k[F]®Lzek(X) as the Lie subalgebra of k[F] {X) = 
k[y] (S)k(X) the free associative algebra over polynomial algebra k[y], which is generated 
by X under the Lie bracket [u, v] = uv — vu. 

Let 

Ta = {u = u^u^\u^ G [F], G ALSW{X)} 

and 

Tjv = {[u] = G [Y], [n^] G NLSW{X)}. 

By the previous section, we know that the elements of T4 and Tjv are one-to-one 
corresponding to each other. 

Remark: For u = u^u^ G Ta, we still use the notation [u] = u^[u^] where [u^] is a 
NLSW on X. 

Let kT/v be the linear space spanned by T/v over k. For any [u], [v] G T/v, define 

where ai G k, [wf]'s are NLSW's and = ^ai[wf] in Liek{X). 

Then k[y] ® Lie\f_{X) = kT/v as k-algebra and T/v is a k-basis of k[y] Lie^^X). 
We define the deg-lex ordering >- on 

[Y]X* = {u^u^Im^ G G X*} 

by the following: for any M,f G 

uy V if {u^ yx v^) or {u^ = and >-y v^), 
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where >~y and >~x are the deg-lex ordering on [Y] and X* respectively. 

Remark: By abuse of the notation, from now on, in a Lie expression hke we will 

omit the external brackets, = 

Clearly, the ordering >- is "monomial" in a sense of [u] [w] >- [v] [w] whenever 7^ 
for any u,v,w E Ta- 

Considering any [u] G Tjv as a polynomial in k-algebra k[y](X), we have Ta- 
For any / G Lie^Y]iX) C k[y] ^ k(X), one can present / as a k-linear combination 
of TAr-words, i.e., / = J^^^il'^i]^ where [ui] G T/y. With respect to the ordering >- on 
the leading word / of / in k[y](X) is an element of Ta- We call / k-monic if the 
coefficient of / is 1. On the other hand, / can be presented as k[y]-linear combinations 
of NLSW{X), i.e., / = T.fiiY)[uf], where fi{ Y) G k[y], [uf] G NLSW{X) and 
uf yx U2 >-x Clearly = uf and = fiiY). We call / k[F]-monic if the 
fi{Y) = 1. It is easy to see that k[y]-monic implies k-monic. 

Equipping with the above concepts, we rewrite Lemma 12.31 as follows. 

Lemma 3.1 (Shirshov f5^/ ) Suppose that w = aub where w,u E Ta and a,b E X*. 
Then 

[w] = [a[uc]d], 

where [uc] G T/v and b = cd. 

Represent c in a form c = C1C2 . . . c„, where ci, . . . , c„ G ALSW{X) and ci < C2 < 
. . . < c„. Then 

[w] = [a[u[ci][c2] - - - [cn]]d]. 
Moreover, the leading word of [w]u = [a[- ■ ■ [[[u][ci]][c2]] - - - [c„]](i] is exactly w, i.e., 

Hu = ^■ 

We still use the notion [w\u as the special bracketing of w relative to u in Section 2. 

Let S C Liek[y](X) and Id{S) be the k[y]-ideal of Liek[Y](yX) generated by S. Then 
any element of Id{S) is a k[y]-linear combination of polynomials of the following form: 

{u)s = [ci][c2] ■ ■ ■ [c„]s[rfi][rf2] ■ ■ ■ [dm], m,n>0 

with some placement of parentheses, where s E S and Ci,dj E ALSW{X). We call such 
{u)s sua s-word (or S'-word). 

Now, we define two special kinds of S-words. 

Definition 3.2 Let S C Liek[y](X) be a k-monic subset, a,b E X* and s E S. If 

asb E Ta, then by Lemma l3J\ we have the special bracketing [asb]s of asb relative to s. 
We define [asb]s = [asb]s\[s]^s to be a normal s-word (or normal S-word). 

Definition 3.3 Let S C Liek[y](X) be a k-monic subset and s E S . We define the quasi- 
normal s-word, denoted by [u\s, where u = asb, a,b E X* (u is an associative S-word), 
inductively. 

(i) s is quasi-normal of s- length 1; 
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(ii) If lu\s is quasi-normal with s-length k and [v] G NLSW{X) such that \v\ = I, then 

[v]lu\s when v > |_mJ^ and lu\s[v] when v < [mJ^ are quasi-normal of s-length 
k + l. 

From the definition of tlie quasi-normal s-word, we liave tlie following lemma. 

Lemma 3.4 For any quasi-normal s-word [u\s = {asb), a,b & X*, we have |_mJ^ = ash e 
Ta. 

Remark: It is clear that for an s-word {u)s = [ci][c2] ■ ■ ■ [cn]s[di][d2] ■ ■ ■ [dm], {u)s is 
quasi-normal if and only if {u)s = C1C2 ■ ■ ■ Cnsdid2 ■ ■ ■ dm- 

Now we give the definition of compositions. 

Definition 3.5 Let f,g be two h-monic polynomials of Lie-k[Y]{X). Denote the least 

common multiple of and g^ in \Y] by L = lcm{p^ ,g^). 

If g^ is a subword of , i.e., f^ = ag^b for some a,b & X*, then the polynomial 

Ci{f,g)w = j^f - -^[agbh 

is called the inclusion composition of f and g with respect to w, where w — Lf^ — 
Lag^b. 

If a proper prefix of g-^ is a proper suffix of f-^, i.e., f^ — aao, g^ — agb, a, b, Qq ^ 1, 
then the polynomial 

C2{f,g)w = -j^[fb]f - -^[ag]g 

is called the intersection composition of f and g with respect to w, where w — Lf^b — 
Lag^. 

If the greatest common divisor of and g^ in [Y] is not 1, then for any a,b,c & X* 
such that w — Laf^bg^c e Ta, the polynomial 



C3{f,9)vj = j^iafbg c]f--^[af bgc]g 



is called the external composition of f and g with respect to w 



If ^ 1, then for any normal f-word [afb]f, a,b E X*, the polynomial 



C,{f)^ = [af''b][afb]j 
is called the multiplication composition of f with respect to w, where w — af-^bafb. 



Immediately, we have that Ci{—)y, -< w, i & {1,2,3,4}. 



Remarks: 



1) When Y = 0, there are no external and multiplication compositions. This is the 
case of Shirshov's compositions over a field. 
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2) In the cases of Ci and C2, the corresponding w E hj the property of ALSW's, 
but in the case of C4, w ^ Ta- 

3) For any fixed f,g, there are finitely many compositions Ci{f,g)w, C2{f,g)w, but 
infinitely many C3{f,g)^, C^if)^. 

Definition 3.6 Given a k-monic subset S C Liek[y](X) and w G (not nec- 

essary in Ta), an element h e Liek[y](X) is called trivial modulo {S,w), denoted by 
h = mod{S,w), if h can be presented as a k[Y]-linear combination of normal S-words 
with leading words less than w, i.e., h = aj/3j[ajSj6j]s., where at G k, /3j G [Y], 
ai, hi G X* , Si G S, and PiaiSihi -< w. 

In general, forp,q G Liek[y](X), we write p = q mod{S,w) if p — q = mod{S,w). 
S is a Grobner-Shirshov basis in Liek[y](X) if all the possible compositions of elements 
in S are trivial modulo S and corresponding w. 

If a subset S of Lie^Y]{X) is not a Grobner-Shirshov basis then one can add all nontriv- 
ial compositions of polynomials of S to S. Continuing this process repeatedly, we finally 
obtain a Grobner-Shirshov basis S'-^ that contains S. Such a process is called Shirshov's 
algorithm. S"" is called Grobner-Shirshov complement of S. 

Lemma 3.7 Let f be a k-monic polynomial in Liek[y](X). // = 1 or f = gf where 
g G k[Y] and f G Liek(X), then for any normal f-word [afb]f, a,b G X* , {u)f = 
[af^b][afb]f has a presentation: 

(u)f = [af^b][afb]f = ^ ail3^[ui\f 

where G k, /3j G [Y]. 

Proof. Case 1. = 1, i.e., / = f^. By Lemma [3.11 and since -< is monomial, we have 
[afb] = [a/fe]/- Eft,;,^a/fe"*/5ibi]' where G k, /3j G [Y], Vi G ALSW{X). Then 

{u)j = \afb\\afb\j =\afb\j\afb\j ^ ^ aip>i\afb\j\v^= ^ aip>i\afb\j\v^. 

The result follows since Vi -< afb and each [afb] j[vi\ is quasi-normal. 
Case 2. / = i.e., /"^ = /'. Then we have 

{u)f= [af'b][afb]j = g{[af'b][af'b]r)- 
The result follows from Case 1. □ 

The following lemma plays a key role in this paper. 

Lemma 3.8 Let S be a k-monic subset o/Liek[y](X) in which each multiplication com- 
position is trivial. Then for any quasi-normal s-word [mJ^ = {asb) and w = asb = \u\s, 
where a,b E X* , we have 

[u\s = [asb]s mod{S,w). 
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Proof. For w = s the lemma is clear. 

For w s, since either [u\s = {asb) = [ai]{a2sb) or [u\s = {asb) = {asbi)[b2], there are 
two cases to consider. 

Let 

r _ J if (asb) = [ai]{a2sb), 

'^(asb) - I ^.length of (asbi) if (asb) = {asb^)[b2]. 

The proof will be proceeding by induction on {w,6(^asb)), where {w',m') < {w,m) w 
w' or w = w', m' < m {w, w' G T4, m, m' G N). 

Case 1. \u\s = (asb) = [ai]{a2sb), where ai > a2S'^b, a = 0102 and {a2sb) is quasi- 
normal s-word. In this case, {w,6(^asb)) = {w, \ai\). 

Since w = asb = aia2sb >- a2sb, by induction, we may assume that {a2sb) = [a2sb]s + 
Y.CiA[ciSidi]s-,, where fSidSidi -< a2sb, ai,a2,Ci,di G X*, Si e S, G k and f3i G [Y]. 
Thus, 

[u\s = (asb) = [ai][a2sb]s + '^aif3i[ai][ciSidi]s-i. 
Consider the term [ai] [cjSjrfijs-. 

If ai > CiSi^di, then [ai][cjSj(ij]s-. is quasi-normal s-word with aiCiSidi -< w. Note that 
[iiaiCiSidi -< w, then by induction, /3j[ai] [cjSjrfjjs- = mod{S,w). 

If ai < CiSi^di, then [ai\[ciSidi]s^ = -[ciSidi]s^[ai] and [ciSidi\s-^[ai] is quasi-normal s- 
word with PiCiSidiai -< f3ia2sbai -< f3iaia2sb = w. 

If ai = CiSi^di, then there are two possibilities. For Si^ = 1, by Lemma 13.71 and by 
induction on w we have A['2i][ci'Sj(ii]s- = mod{S,w). For Si^ 7^ 1, is the 

multiplication composition, then by assumption, it is trivial mod{S,w). 

This shows that in any case, Alc^illci-^jC^ilsi is a linear combination of normal s-words 
with leading words less than w, i.e., /3i[ai][cjSi(ij]s- = mod{S,w) for all i. 

Therefore, we may assume that \u\s = (asb) = [ai][a2sb]s and ai > > a2S^b. 

If either |ai| = 1 or [ai] = [[an] [012]] and au < a2S^b, then [u\s = [ai][a2sb]s is already 
a normal s-word, i.e., \u\s = [ai][a2'S6]s = [aia2sb]s = [cisb]s. 

If [ai] = [[an] [012]] and ai2 > a2S^b, then 

[u\s = [ai][a2sb]s = [[aii][ai2]][a2s6]5 = [an] [[^12] [a2S&]5] + [[aii][a2s6]s][ai2]. 

Let us consider the second summand [[aii][a2s6]g][ai2]. Then by induction on w and by 
noting that [an] [a2s6]5 is quasi-normal, we may assume that [an] [a2s6]5 = J2 «iA[ci"Sj(ii]s- , 
where PiCiSidi ^ aiia2s6, Sj G S", G k, /3j G [F], Ci^di G X* . Thus, 

[[an][a2s6]5][ai2] = y^^ai[ii[ciSidi]s\ai2], 

where an > ai2 > a2S^b, w = aiiai2a2sb. 

If ai2 < CiSi^di, then [ciSjfii]^- [ai2] is quasi-normal with = PiCiSidiQu :< (3iaiia2sbai2 -< 
w. By induction, f3i[ciSidi]si[ai2] = mod{S,w). 

If ai2 > CiSi^di, then [ciSidi]s-^[ai2] = -[ai2] [ciSirfi]^- and [ai2] [QSjC^i]^- is quasi-normal 
with w' = (3iai2CiSidi ^ /3jai2ana2s6 -< w. Again we can apply the induction. 

If ai2 = CiSi^di, then as discussed above, it is either the case in Lemma 13.71 or the 
multiplication composition and each is trivial mod{S,w). 
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These show that [[aii][a2'5&]5][ai2] = mod{S,w). 
Hence, 

[u\s = [au][[ai2][a2sb]s] mod{S,w). 

where an > ai2 > a2S^b. 

Noting that [aii][[ai2][a2s6]5] is quasi-normal and now {w, 6[aii][[ai2][a2sb]s]) = {w, \aii\) < 
{w, I ail), the result follows by induction. 

Case 2. lu\s = (asb) = {asbi)[b2] where as^bi > 62, b = 6162 and (asbi) is quasi-normal 
s-word. In this case, {w,6(asb)) = {w,m) where m is the s-length of (asbi). 
By induction on w, we may assume that 

[u\s = (asb) = [asbi]s[b2] + ^ a^/3^[c^'S^rf^]s^[&2]• 
where PiCiSidi -< asbi, Si E S, ai G k, f3i G [Y], Ci,di G X*. 
Consider the term /3i[ciSidi]-s-[b2] for each i. 

If 62 < CiSi^di, then [cjSj(ij]s-[&2] is quasi-normal s-word with f3iCiSidib2 -< w. 

If 62 > CiSi^di, then [cjSj(ij]s-[62] = — [&2][cjSj(ij]s- and [62] [ciSj(ij]s- is quasi-normal s-word 
with l3ib2CiSidi -< f3ib2asbi -< f3iasbib2 = w. 

If 62 = CiSi^di, then as above, by Lemma 13.71 and induction on w or by assumption, 
Pi[ciSidi]s-[b2] = mod{S,w). 

These show that for each i, l3i[ciSidi\-s-\b2\ = mod{S,w). 

Therefore, we may assume that [u\s = (asb) = [asbi]s[b2], a,b & X*, where b = 6162 
and as-^bi > 62- 

Noting that for [as6i]s = s or [asfeijs = [ai][a2s6i]5 with a2S"^&i < ^2 or [as6i]s = 
[as6ii]s[6i2] with 612 < 62, [u\s is already normal. Now we consider the remained cases. 
Case 2.1. Let [as6i]s = [ai][a2s6i]5 with ai > aia2S"^6i > a2S"^6i > &2- Then we have 

[u\s = [[ai][a2sbi]s\[b2] = [[ai][b2]][a2sbi]s + [ai] [[a2s6i]5[&2]]- 

We consider the term [[ai] [62]] [o2s6i]5. 

By noting that ai > 62, we may assume that [ai][62] = J2u^^aib2 ^^i'^i'l where ai G 
k, Ui G ALSW{X). We will prove that [Uj][a2s6i]g = mod{S,w). 

If Ui > a2S^bi, then [Mi][a2s6i]j is quasi-normal s-word with w' = Uia2sbi ^ aib2a2sbi -< 
w = aia2sbib2- 

If Ui < a2S^bi, then [nj][a2s6i]s = — [a2'5&i]s[tti] and [a2s6i]5[Mj] is quasi-normal s-word 
with w' = a2sbiUi ^ a2sbiaib2 -< w, since aia2s6i is an ALSW. 

If Ui = a2S^bi, then as above, by Lemma 1X71 and induction on w or by assumption, 
[Mj][a2s6i]g = mod{S,w). 

This shows that 

[u\s = [ai][[a2s6i]g[62]] mod{S,w). 

By noting that ai > a2S^bi > 62? the result now follows from the Case 1. 

Case 2.2. Let [asfeijj = [as6ii]g[6i2] with as^bu > as^biibi2 > &12 > &2- Then we have 

[u\s = [[asb^^Ub^2]][b2] = [[asb^^Ub2]][bu] + [asbnUbum]- 
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Let us first deal with [[as6ii]g[62]][&i2]- Since asbiib2 < asbubi2, we may apply induction 
on w and have that 

[[as6ii]5[62]][&i2] = ^ 0!i(3i[ciSidi\s-[bi2], 

where PiCiSldi ^ 0561162, w = 0561161262- 

If 612 < CiSi^di, then [ciSi(ij]s-[6i2] is quasi-normal s-word with w' = f3iCiSidibi2 -< w. 

If 612 > CiSi^di, then [ciSidi]s-[bi2] = -[bi2][ciSidi]s- and [bi2][ciSidi]sT is a quasi-normal 
s-word with w' = f3ibi2CiSidi ^ f3ibi2asbnb2 -< 0^61161262 = w. 

If 612 = CiSi^di, then as above, by Lemma [3.71 and induction on w or by assumption, 
/3i[ciSidi]-s-[bi2] = mod{S,w). 

These show that 

[u\s = [os6ii]j[[6i2][62]] mod{S,w). 
Let [612] [62] = [61262] + E„.^a 

ib2«i[wj] where G k, G ALSW{X). By noting that 
os'^611 > 61262, we have [os6ii]5[uj] = mod{S,w) for any i. Therefore, 

[u\s = [os6ii]5[6i262] mod{S,w). 

Noting that [os6ii]5[6i262] is quasi-normal and now (w, 5[asf>ii],-[fei262]) < (^7 <5[asfei],-[b2])> 
the result follows by induction. 

The proof is complete. □ 

Lemma 3.9 Let S be a k-monic subset o/Liek[y](X) in which each multiplication com- 
position is trivial. Then any element of the ]i.[Y]-ideal generated by S can be written as a 
k[Y]-linear combination of normal S-words. 

Proof. Note that for any h G Id{S), h can be presented by a k[y]-linear combination 
of S-words of the form 

iu)s=[Ci][c2]---[Ck]s[di][d2]---[di] (1) 

with some placement of parentheses, where s G S", Cj,dj G ALSW{X), k,l > 0. By 
Lemma 13.81 it suffices to prove that ([T]) is a linear combination of quasi-normal S-words. 
We will prove the result by induction on k + I. It is trivial when k + I = 0, i.e., {u)s = s. 
Suppose that the result holds for k + I = n. Now let us consider 

{u)s = [Cn+l]([Ci][c2] ■ ■ ■ [Cfc]s[c?i][(i2] " " " [rf„_fc]) = [c„+l](f)s- 

By inductive hypothesis, we may assume without loss of generality that {v)s is a quasi- 
normal s-word, i.e., {v)s = [v\s = (csd) where csd G TA,c,d G X*. If c„+i > cs-^d, 
then {u)s is quasi-normal. If Cn+i < cs^d then {u)s = —[v\s[cn+i] where [fjs[c„+i] is 
quasi-normal. If c„+i = cs^d then by Lemma ESI {u)s = [cn+i]{csd) = [Cn+i][csd]s. Now 
the result follows from the multiplication composition and Lemma 13.71 □ 

Lemma 3.10 Let S be a k-monic subset of Lie]^[Y]{X) in which each multiplication com- 
position is trivial. Then for any quasi-normal S-word [asb\ s = [oi] [02] ■ ■ ■ [o^] ["wj s[6i] [62] ■ ■ ■ 
with some placement of parentheses, the three following S-words are linear combinations 
of normal S-words with the leading words less than asb: 
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(i) Wi = [asb\s\ia,]^[c] where c -< 0^; 
(a) W2 = [asb\s\[b^]^[d] where d -< hf, 
(lii) W3 = [asb\s\ivi,^iv']s 'where [v'\^ -< [v\^. 



Proof. We first prove (iii). For /c + / = 1, for example, [as6Js = it is easy to 

see tliat tlie result follows from Lemmas 13.91 and 13.71 since either [f'J<i[6i] or [&i][f'Js is 
quasi-normal or W3 is the multiplication composition. Now the result follows by induction 
on k + I. 

We now prove {{), and (ii) is similar. For k + I = 1, [as6Js = [ai]['yjs and then 
Wi = [c][v\s. Then either [fjs[c] or [c][fjs is quasi-normal or Wi is equivalent to the 

multiphcation composition with respect to w = [v\^ [fj^. Again by Lemmas 13.91 and [XTf 
the result holds. For -|- / > 2, it follows from (iii). □ 



Let Si,S2 G Liek[Y]{X) be two k-monic polynomials in Liek[y](X). If asfbsfc e 
ALSW{X) for some a,b,c G X*, then by Lemma l2.5[ there exits a bracketing way 
[aSibs2c]gXgX such that [asf 6sf-c]jx = asibs-^c. Denote 

[asibs2c]-s^-s2 = S2 [asfbs^ c]^x ^gx\[gX]^^^, 

[asibs2c]s^,s2 = [a^f 6s^c]5x_Jx|[JX]^g^_[5X]^^2• 
Thus, the leading words of the above three polynomials are asibs2C = sf s^asf"6s^c. 
The following lemma is also essential in this paper. 

Lemma 3.11 Let S be a Grobner-Shirshov basis in Liek[Y]{X) . For any si, S2 G S, (3i, f32 G 
[F], ai, 02, 61, &2 G X* such that w = f3iaiSibi = /32a2S2&2 G Ta, we have 

f3i[aiSibi]s^ = /32[a2S2&2]s2 rnod{S,w). 

Proof. Let L be the least common multiple of sf and 82- Then = = ^2^^ = 
Lt for some t G [Y], = ais^bi = a2S^&2 and 

- (32[a2S2b2]s2 = t{^[aiSibi]s^ - ■^[a2S2b2]s2)- 

Si S2 

Consider the first case in which is a subword of 61, i.e., = ais^as^62 for some 
a G X* such that bi = 05^62 and 02 = ais^a. Then 

/3i[aiSibi]s^ - /32[a2S2&2]s2 
= t{—[aisias2b2]si - — [oisf as2&2]s2) 

Si S2 
= tC^{Si,S2)w' 

ii L ^ s(s\, where w' = Lw-^ . Since S' is a Grobner-Shirshov basis, 6*3(51,^2) = 
mod{S, Lw^). The result follows from w = tLw^ = tw' . 
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Suppose that L = sYsX. By noting that 4^[aiSias2&2]si §2 ^kiSias2&2]si §2 
quasi- normal, by Lemma 13.81 we have 

[aiSias2b2\si,s2 = s^[o.iSias^&2]si mod{S,w'), 
[aiSias2&2]si,s2 = [flisf as2&2]s2 mod{S,w'). 

Thus, by Lemma [3. 101 we have 



S2 

t(s^[aisias^62]5i - sf [aisf as2&2]s2y 



t((s^[aisias^62]si - [aiSias2&2]si,s2) + ([oi ■5105262] si, 52 " [aiSias2&2]5i,s2y 



\S2 



-([aiSias2&2]si,s2 - Ksias2&2]si,S2) - (^1 [^i^i as2&2]s2 " [aiSias2&2]si,S2)) 
= [aisias^62]si - [aiSias262]si,s2) + [o-iisi - [si\)as2h2]s^,s2 

-[aiSia{s2 - [S2])fe2]si,s2 - (sH^l^f aS2&2]s2 - [«lSiaS2&2]5i,S2)) 

= mod{S,w). 

Second, if S2 is a subword of b for some a, 6 G X*, then [a2S2&2]< 

[aias2&&i]j2- Let w' = Lsf . Thus, by noting that [ai[as2&]s2^i] is quasi-normal and by 
Lemmas 13.81 and I3.10[ 

(3i[aiSibi]s^ - /32[a2S2fe2]s-2 
= t{—[aisibi]s^ - —[aias2bbi]s2) 

Si S2 

= t{ — [aiSibi]s^ — —[aiSibi\s^\s-^^[as2b]s2) ~ — ([aiaS2&&l]s2 — [0'lSlbl]s-^\s-^>~^[as2b]s2) 
Si S2 S2 

= t[ai{^si - ■^[as2b]s2)bi] - ^([aias2&&i]s2 - [af [as2b]s^bi]) 

Si S2 S2 

= t[aiCi{si,S2)w'bi] - ■^{[aias2bbi]s2 - [ai[as2b]s2bi]) 
= mod{S, w). 

One more case is possible: A proper suffix of is a proper prefix of s^, i.e., = ab 
and S2 = be for some a,b,c & X* and b ^ 1. Then abc is an ALSW. Let w' = Lobe. Then 
by Lemmas 13.81 and I3.10[ we have 

Pi[aiSibi\-s^ - /32[a2S2&2]s-2 
= ^( — [aisic62]si - — [aias2&2]s2) 

Si $2 

= t—{[aisicb2]si - [ai[sic]s^b2]) - t—{[aias2b2]s2 - [ai[as2]s2&2]) 

Si So 



+t{[aiC2{Si,S2)uj'b2] 

= mod{S, w). 
The proof is complete. □ 
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Theorem 3.12 (Composition-Diamond lemma for Lie^Y]{.^)) Let S C Liek[y](X) 
be a nonempty set of k-monic polynomials and Id{S) be the k[Y]-ideal of Lie^yjiX) 
generated by S . Then the following statements are equivalent. 

(i) S is a Grobner-Shirshov basis in Lie^yiiX). 

(a) f G Id{S) ^ f = Pasb G Ta for some s e S, f3 e [Y] and a,b e X*. 

(Hi) Irr{S) = {[u] \ [u] G Tn, u ^ f3asb, for any s G S, /3 G [Y], a,b ^ X*} is a k-basis 
for Lie^Y]iX\S) = Lieir^Y]{X) / 1 d{S) . 

Proof, {i) =^ (a). Let S he a Grobner-Shirshov basis and 7^ / G Id{S). Then by 
Lemma [33] / has an expression / = ^ aj/J^ctiSi&iJs- , where ai G k, /3j G [Y], ai,bi G 
X*, Si G 5*. Denote Wi = f3i[aiSibi]-^, i = 1,2, . . . . Then Wi = f3iaiSibi. We may assume 
without loss of generality that 

wi = W2 = ■ ■ ■ = wi y wi+i y h--- 

for some / > 1. 

The claim of the theorem is obvious if / = 1. 

Now suppose that / > 1. Then f3iaiSibi = wi = W2 = /32«2'S2&2- By Lemma [3.1H 

aiPi[aiSibi]s-^ + a2/32[a2S2&2]i2 
= (ai + a2)/3i[aisi6i]si + a2(/32[a2S2&2]i-2 - 
= {ai + a2)l3i[aisibi]s-^ mod{S,wi). 

Therefore, if ai + 02 7^ or Z > 2, then the result follows from the induction on /. For 
the case ai + 0:2 = and / = 2, we use the induction on wi. Now the result follows. 
iii) =^ (Hi). For any / G Liek[y](X), we have 

/= ^ ai(3i[aiSibi\s-, + ^ "jK'], 

where ai, a'j G k, /3j G [Y], [uj] G Irr{S) and Si G S. Therefore, the set Irr{S) generates 
the algebra Liei^[Y]iX) / Id{S) . 

On the other hand, suppose that h = ^a^Wj] = in Liek,[Y]{X) / Id{S) , where G k, 
[ui] G Irr{S). This means that h G Id{S). Then all must be equal to zero. Otherwise, 
h = Uj for some j which contradicts (ii). 

{iii) ^ {i). For any f,g E S, we have 

Cr{f,g)w= ^ ail3i[aiSibi]s-, + ^ "jK]- 

For r = 1,2,3,4, since Cr{f,g)w G Id{S) and by (Hi), we have 

Cr{f,g)w= ^ ai(3i[aiSibi]s-i. 

Therefore, S" is a Grobner-Shirshov basis. □ 



15 



4 Applications 



In this section, all algebras (Lie or associative) are understood to be taken over an associa- 
tive and commutative k-algebra K with identity and all associative algebras are assumed 
to have identity. 

Let C be an arbitrary Lie i^-algebra which is presented by generators X and defining 
relations S, C = LieK{X\S). Let K have a presentation by generators Y and defining 
relations R, K = ]<.[Y\R]. Let >~y and >~x be deg-lex orderings on [Y] and X* respectively. 
Let RX = {rx\r G -R, x G X}. Then as k[y]-algebras, 

C = Lte^[yiR]{X\S) ^ Lte^[y]{X\S,RX). 

As we know, the Poincare-Birkhoff-Witt theorem cannot be generalized to Lie algebras 
over an arbitrary ring (see, for example, [3T]). This implies that not any Lie algebra over 
a commutative algebra has a faithful representation in an associative algebra over the 
same commutative algebra. Following P.M. Cohn (see [31]), a Lie algebra with the PBW 
property is said to be "special". The first non-special example was given by A.I. Shirshov 
in [l5] (see also [50]), and he also suggested that if no nonzero element of K annihilates 
an absolute zero-divisor, then a faithful representation always exits. Another classical 
non-special example was given by P. Cartier |22j. In the same paper, he proved that each 
Lie algebra over Dedekind domain is special. In both examples the Lie algebras are taken 
over commutative algebras over GF{2). Shirshov and Cartier used ad hoc methods to 
prove that some elements of corresponding Lie algebras are not zero though they are zero 
in the universal enveloping algebras. P.M. Cohn [28] proved that any Lie algebra over i^K, 
where char{]<.) = 0, is special. Also he claimed that he gave an example of non-special 
Lie algebra over a truncated polynomial algebra over a filed of characteristic p > 0. But 
he did not give a proof. 

Here we find Grobner- Shirshov bases of Shirshov and Cartier's Lie algebras and then 
use Theorem 13.121 to get the results and we give proof for P.M. Cohn's example of char- 
acteristics 2, 3 and 5. We present an algorithm that one can check for any p, whether 
Cohn's conjecture is valid. 

Note that if £ = LieK{X\S), then the universal enveloping algebra of C is Uk{C) = 
K{X\S^^'^) where S^~^ is just S but substituting all [u, v] by uv — vu. 

Example 4.1 (Shirshov \5^) Let the field k = ^^(2) and K = k[Y\R], where 

Y = {y,,i = 0,1,2,3}, R={yoy,=y, (z = 0,l,2,3), y.y, = it,J^O)}. 

Let C = LieK{X\Si, S2), where X = {xi, I <i < 13}, 5*1 consists of the following relations 

[X2,xi] = Xn, [X3,xi] = Xi3, [X3,X2] = Xu, 
[X5,X3] = [xe,X2] = [xs,xi] = Xio, 
[xi, Xj] = {for any other i > j), 
and S2 consists of the following relations 
yoXi = Xi {i = 1,2,..., 13), 

X4 = yixi, X5 = y2Xi, X5 = yiX2, X6 = y^xi, x^ = yix^, 

X-j = y2X2, Xs = y3X2, Xs = y2X3, Xg = ysxs, 
y^Xii = Xio, 1/1X12 = Xio, y2Xl3 = Xio, 

y,Xk = (fc = 4,5,..., 11,13), y2Xt = (t = 4, 5, . . . , 12), ^32;^ = (/ = 4, 5, . . . , 10, 12, 13). 
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Then C is not special. 



Proof. £ = LieK{X\Si,S2) = Liei,iY]{X\Si, S2, RX). We order Y and X by yi > 
Uj ii i > j and Xj > Xj ii i > j respectively. It is easy to see that for the ordering >- 
on \Y]X* as before, S" = U ^2 U RX U {yiX2 = 1/2X1, 1/1X3 = 1/3X1, y2Xs = 1/3X2} is a 
Grobner-Shirshov basis in Lzek[y](X). Since Xio G Irr{S) and Irr{S) is a k-basis of £ by 
Theorem 13.121 xio 7^ in £. 

On the other hand, the universal enveloping algebra of C has a presentation: 
UK{C) = K{X\s[-\S2)=k[Y]{X\S[-\S2,RX), 

where S[~^ is just Si but substituting all [uv] by uv — vu. 

But the Grobner-Shirshov complement (see Mikhalev-Zolotyhk [H]) oi S\ ■* U S2 URX 
in k[F](X) is 

= S[~'' U 5*2 U i?X U {1/1X2 = 1/2X1, 1/1X3 = 1/3X1, 1/2X3 = 1/3X2, Xio = 0}. 
Thus, C is not special. □ 

Example 4.2 (Cartier ^]) Let k = GF{2), K = k[yi,y2,y3\yf = 0, i = 1,2,3] and 
C = LieK{X\S) , where X = {xij, I < i < j < 3} and 

S = {[xii,Xjj] = Xji {i > j), [xij,Xki] = (otherwise), 1/3X33 = 1/2X22 + yiXu}. 

Then C is not special. 

Proof. Let Y = {1/1, 1/2, l/s}- Then 

£ = UeK{X\S) = Lte^iY]{X\S,y^Xki = (Vz,^,/)). 

Let yi > yj if i > j and Xij > x^i if {hi) >iex respectively. It is easy to see 

that for the ordering >- on [F]X* as before, S' = S U {yfxki = iyi,k,l)} U 6*1 is a 
Grobner-Shirshov basis in Lie-k[Y]{X), where Si consists of the following relations 

1/33^23 = yiXl2, y^Xn = 1/2X12, y2X23 = VlXlS, 1/31/23:22 = ysVlXu, 

VsViXu = 0, y-mxu = 0, y-mViXn = 0, 1/2I/1X13 = 0. 

The universal enveloping algebra of £ has a presentation: 

Uk{C) = K(X|5(-)) = k[Y]{X\S'^-\y^XM = (V^, A;,/)). 

In UxiC), we have (cf. [22]) 

= yl^ls = i.y2X22 + yixiif = ylxl^ + ylxl^ + 1/21/1 [a;22,xii] = 1/21/1X12. 

On the other hand, since 1/21/13^12 ^ Irr{S'), 1/21/13^12 7^ in £. Thus, £ is not special. 
□ 
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Conjecture 4.3 (Cohn JEB^) Let K = k[?/i, Z/slyf = 0,i = 1,2,3] be the algebra of 
truncated polynomials over a field k of characteristic p > 0. Let 

Cp = Licxixi, X2, X3 I 1/3X3 = 1/2X2 + 2/1X1). 

Then Cp is not special. We call Cp the Cohn's Lie algebra. 

Remark (see [2B]): In UxiCp) we have 

= {ysXsY = (2/2X2)*' + Ap{y2X2, 2/1X1) + (yiXiY = Ap(2/2X2, 2/iXi), 

where Ap is a Jacobson-Zassenhaus Lie polynomial. P.M. Cohn conjectured that Ap{y2X2, yiXi) 
in Cp. 

Theorem 4.4 Cohn's Lie algebras C2, C3 and £5 are not special. 

Proof. Let Y = {2/1,2/2,2/3}, X = {xi,X2,X3} and S = {2/3X3 = 2/2X2 + yiXi, yfxj = 
0, 1 < i,j < 3}. Then Cp ^ Liek[Y]{X\S) and UxiCp) ^ k[Y]{X\S). Suppose that 
is a Grobner-Shirshov complement of S in Liek[y](X). Let S^p C Cp be the set of all the 
elements of 5"" whose X-degrees do not exceed p. 

First, we consider p = 2 and prove the element A2 = [2/2X2,2/1^1] = 2/22/1 [2^2X1] 7^ in 

Then by Shirshov's algorithm we have that Sx'^ consists of the following relations 

2/3X3 = 2/2X2 + yixi, y^Xj = (1 < i, j < 3), 2/32/2X2 = ysViXi, 2/32/22/ia;i = 0, 
2/2[x3X2] = 2/1 [3^3X1], 2/32/1 [a;2Xi] = 0, 2/22/1 Na^i] = 0. 

Thus, A2 is in the k-basis Irr{S^) of £2- 
Now, by the above remark, £2 is not special. 

Second, we consider p = 3 and prove the element A3 = 2/2Z/1 [2^2X2X1] + 2/22/1 [^2X1X1] 7^ 
in £3. 

Then again by Shirshov's algorithm, Sx^ consists of the following relations 

2/3X3 = 2/2X2 + yixi, yfxj = (1 < z, j < 3), yly2X2 = ylyixi, ylyjyixi = 0, 
2/2[x3X2] = -2/i[x3Xi], ylyi[x2Xi] = 0, 2/22/1^3^1] = 0, 

2/32/2^2X2X1] = 2/32/22/1 [2^2X1X1], 2/32/22/1 [2^2X1X1] = 0, 2/32/22/1 [2^2X2X1] = 2/32/^^2X1X1]. 
Thus, 2/22/1 [^2X2X1], 2/22/1 [2^2X1X1] G Irr{S'~^), which implies A3 7^ in £3. 
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Third, let p = 5. Again by Shirshov's algorithm, Sx^ consists of the following relations 



1) VaXs = y2X2 + yiXi, 

2) yfxj^O, l<i,j<3, 

3) yty2X2 = -yty ixi, 

4) yMyi^i = o> 

5) y2[x3X2] = -yi[x3Xi], 

6) y3yi[x2Xi] = 0, 

7) ytyi[x3Xi] = 0, 

8) yly^[x2X2Xi] = yly2yi[x2xixi], 

9) y'3y2yi[x2Xixi] = o, 

10) yiy2yi[x2X2Xi] = yiyl[x2XiXi], 

11) |/i[x3X2a;3Xi] = 0, 

12) yi[x3XiX2Xi] = 0, 

13) i/ilxaXsXaXi] = -yi[x3X2XiX2], 

14) 1/2 [3:33^13^23:1] = 0, 

15) yly 21x2X2X2X1] = 2ylylyi[x2X2XiXi] - yly2yl[x2XiXiXi], 

16) ylylyl[x2xixixi] = 0, 

17) 1/3^2^1 [^23:23:23:1] = 2yly2yf[x2X2XiXi] - ylyf[x2XiXiXi], 

18) |/|l/22/? [3:23:13:12:1] = 0, 
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19) yh2yi[^2X2XiXi] = -ylylyl[x2XiXiXi], 

20) ylyl[x2X2XiX2X]\ = 0, 

21) yly2yi[x2XiX2XiXi] = 0, 

22) ylyf[x2XiX2XiXi] = 0, 

23) ylyl[x2XiX2XiXi] ^0, 

24) 1/3^21/1 ^22^22^1X2X1] = -yly 2yl[x2X 1X2X1X1], 

25) yly2yi[x2X2XiX2Xi] = -ylyl[x2XiX2XiXi\, 

26) ylytyf[x2XiX2XiXi] = 0, 

27) [^2X2X2X2X1] = 3?/3?/2l/i[x2X2a;2XiXi] - 1/31/21/1 [^2X2X1X2X1] - 'iy^ylyl[x2X2XiXiXi] 

-2y3ylyl[x 2X1X2X1X1] + y3y2yf[x2XiXiXiXi\, 

28) Z/3Z/2Z/I [^2X2X2X2X1] = 3l/3l/2l/l [^2X2X2X1X1] - y3ylyl[x2X2XiX2Xi] - 2>y3y2yl[x2X2XiXiXi] 

-'^■y3y2yl[x2XiX2Xixi] + y3yt[x2Xixixixi], 

29) 1/31/21/? [xaXiXiXiXi] = 0, 

30) ylylyl[x2xixixixi] = 0, 

2 1 

31) 1/31/21/1 [2^2X2X1X1X1] = --l/3l/2l/l[x2XiX2XiXi] + -l/3l/2l/?[x2XlXiXiXi], 

32) l/3l/2l/l[x2X2X2XiXi] = ^l/3l/2l/l [X2X2X1X2X1] + I/3I/2I/? [X2X2X1X1X1] 

2 1 

+ 3l/3l/2l/l[2^2XlX2XiXi] - -I/3I/2I/1 [X2X1X1X1X1], 

33) 1/2I/1NX3X1X3X1] = 0, 

34) y^yllxsXiXsXiXi] = 0, 

35) l/|l/2l/l[x2XiXiXiXi] = 0, 

2 2 

36) l/|l/2l/i[x2X2XiXiXi] = --I/I1/2I/1 [2^2X1X2X1X1] + -l/3l/2l/i[x2XiXiXiXi]. 

Thus, A5 (1/2X2, 1/1X1) = I/2I/1 [2^2X2X2X2X1] e Irr{S^), which imphes A5 7^ in £5. □ 

Remcirks: Note that the Jacobson-Zassenhaus Lie polynomial Ap(i/2'i^2! l/i^'^i) is of X- 
degree p. Then Ap (1/2X2, 1/iXi) G Irr{S^) if and only if Ap (1/2X2, 1/iXi) G Irr{Sxp)- Since 
the defining relation of >Cp is homogenous on X, Sxp is a finite set. By Shirshov's algo- 
rithm, one can compute Sxp for Cp. 

Now we give some examples which are special Lie algebras. 

Lemma 4.5 Suppose that f and g are two polynomials in Lie^Y]iX) such that f is 
\<.[Y]-monic and g = rx, where r G k[y] and x E X , is k-monic. Then each inclusion 
composition of f and g is trivial modulo {/} UrX. 

Proof. Suppose that / = [axb] for some a, 6 G X*, f — f + f and g — fx + r'x. Then 
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w = raxb and 

Ci{f,g)w = ff-[a[rx]b]ra; 

— fj' _ r'[axh\ 

= rf-r'f 

= mod{{f}UrX,w). □ 

Theorem 4.6 For an arbitrary commutative k-algebra K = k[y|i?], if S is a Grobner- 
Shirshov basis in Liek[y](X) such that for any s & S , s is ]<.[Y]-monic, then C = 
LieK{X\S) is special. 

Proof. Assume without loss of generahty that i? is a Grobner-Shirshov basis in k[y]. 
Note that C = Liek[y](X|S', RX). By Lemma l475| S U RX is a Grobner-Shirshov basis in 
Liek[Y]{X). 

On the other hand, in Uk{C) = k[Y]{X\S^-\ RX), S^") U i?X is a Grobner-Shirshov 
basis in k[y](X) in the sense of the paper |?T]. 

Thus for any u G Irr{S U RX) in Lie^Y]{X), we have u E Irr{S^-^ U RX) in k[Y]{X). 
This completes the proof. □ 

Corollary 4.7 Any Lie K -algebra C = LieK{X\f) with one monic defining relation f = 
is special. 

Proof. Let K = k[y|i?], where R is a Grobner-Shirshov basis in k[y]. We can regard 
/ as a k[y]-monic element in Lzek[y](X). Note that any subset of Lzek[y](X) consisting 
of a single k[y]-monic element is a Grobner-Shirshov basis. Thus by Theorem 14. 6[ C = 
LieK{X\f) = Liei,[Y]iX\f,RX) is special. □ 

Corollary 4.8 (J^ l5^ ) If C is a free K -module, then C is special. 

Proof. Let X = {xi, z G /} be a i^-basis of C and = where a'^- G K and 

i,j G /. Then £ = LieK{X\[xi,Xj] i > h hj ^ I)- Suppose that K = k[Y\R], 

where i? is a Grobner-Shirshov basis in k[F] . Since S = {[xi, Xj] — J2 ctlj^h ^ > h h i ^ ^} 
is a k[F]-monic Grobner-Shirshov basis in Liek[r](X), by Theorem 14.61 C = LieK{X\S) = 
Lieii[Y]{X\S, RX) is special. □ 

Now we give other applications. 

Theorem 4.9 Suppose that S is a finite homogeneous subset of Lie\^{X). Then the word 
problem of LieK{X\S) is solvable for any finitely generated commutative k-algebra K. 

Proof. Let be a Grobner-Shirshov complement of S in Liek(X). Clearly, S**" consists 
of homogeneous elements in Lie\^{X) since the compositions of homogeneous elements are 
homogeneous. Since K is finitely generated commutative k-algebra, we may assume that 
K = k[Y\R\ with R a finite Grobner-Shirshov basis in k[Y]. By Lemma [4.5^ S**" U RX 
is a Grobner-Shirshov basis in Lie]i[Y]{X) . For a given / G LicK^X), it is obvious that 
after a finite number of steps one can write down all the elements of S'" whose X-degrees 
do not exceed the degree of f^. Denote the set of such elements by Sjx. Then Sfx is a 
finite set. By Theorem 13. 12[ the result follows. □ 
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Theorem 4.10 Every finitely or countably generated Lie K-algebra can be embedded into 
a two- generated Lie K-algebra, where K is an arbitrary commutative k-algebra. 

Proof. Let K = \<.[Y\R] and C = LieK{X\S) where X = {xi,i G /} and / is a subset 
of the set of nature numbers. Without loss of generahty, we may assume that with the 
ordering >- on as before, S U RX is a Grobner-Shirshov basis in Lzek[y](X). 

Consider the algebra C = Lie^y] i^, where S' = SU RX U R{a, b}U{ [aab^ab] — 

Xi,i e I}. 

Clearly, C is a Lie i^-algebra generated by a, b. Thus, in order to prove the theorem, by 
using our Theorem 13. 12[ it suffices to show that with the ordering >- on U {a, b})* 

as before, where a y b >~ Xi, Xj G X, S' is a Grobner-Shirshov basis in Liek[y](X, a, b). 

It is clear that all the possible compositions of multiplication, intersection and inclusion 
are trivial. We only check the external compositions of some f E S and ra G Ra: Let 
w = Luif-^U2au^ where L = L{f^,f) and Uif'^U2au3 G ALSW{X,a,b). Then 

= 7Y[Ml/M2aM3]/- -[Ml/^M2(ra)M3] 

Jl ^ 

= (ty [^i/^2a^i3]/ - r—[uif^U2au3]fx) - {-[uif^U2{ra)u3] - r-[uif^U2au3]fx) 
Jl r r r 

= {[uiiy^ f )u2au3]f - [ui{r—f^)u2au3]fx) - r—{[uif^U2au3] - [uif^U2au3]fx) 

= [uiC3{f,rx)w'U2au3] mod{S',w) 

for some x occurring in and w' = Lf^ . Since S U RX is a Grobner-Shirshov basis in 
-^^ek[y](X), C3{f,rx)wi = mod{SURX,w'). Thus bv Lemma [3.10[ [uiC3{f,rx)w'U2au3] = 
mod{S',w). □ 
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